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parameters by both linear and nonlinear optimization tech-
niques. The problem of calibration is, however, nonlinearIn this study, we discuss the nonlinear structure of the camera

calibration problem and present new and provably convergent and Section 1.1 presents a review of different optimization
algorithms for noncoplanar and coplanar cases. From the per- methods that are used to solve this problem.
spective of optimization theory, we have included the following The nonlinear problem underlying camera calibration
features in solving this nonlinear problem: (1) An initialization involves at least 11 parameters with two possible formula-
algorithm that computes an approximate solution as a starting tions: (1) constrained optimization under a nonconvex con-
value close to the global minimum. (2) A main estimation

straint set [14, 15, 20, 21, 37, 45], and (2) an unconstrainedmethod that partitions the parameter space and uses a Gauss–
objective function with periodic transcendental terms [5,Seidel optimization procedure for block components. For the
7, 13, 17, 25, 30, 36, 40, 43]. In the literature for cameranoncoplanar case, the extrinsic and lens distortion parameters
calibration, the first formulation is usually used with noare computed by linear iterations or in closed form in each
constraints during optimization, and some constraints im-iteration. Nonlinear optimization is performed on a reduced

parameter space of dimension three. For the coplanar case, the posed after minimization [14, 15, 20, 24, 27, 33, 34, 37, 44].
lens distortion parameters are computed by linear iterations. Without constraints, it is a linear optimization problem that
In both cases, the orthonormality condition of the camera vec- has a noniterative and computationally efficient solution.
tors is satisfied. Thus, while performing nonlinear optimization However, due to the suboptimal nature of this solution,
over all parameters, we still retain many advantages of the in practice we often come across unexpected discrepancies
linear methods, and in the process obtain an optimal solution. between the calculated and the actual camera parameters,
(3) A Lyapunov type convergence analysis is given for the

even though the calculated image points may coincide quitealgorithms. The structure of the objective function is analyzed
well with the actual image points; i.e., the computed param-in each iteration. In addition, for the coplanar case, we discuss
eters may be very different from their true values. In gen-new methods for obtaining starting estimates of image center
eral, the method also produces higher image error com-and scale factor parameters. Furthermore, we consider lens
puted as the sum of squared discrepancy between thedistortion with radial, decentering, and thin prism distortion

models.  1997 Academic Press computed and observed image points. These facts are cor-
roborated by our experiments and by many researchers
[24, 40].

1. INTRODUCTION
The second approach is an iterative approximation

method with a nonlinear formulation, that incorporates
the orthonormality condition of the camera vectors. An

In this study, we analyze the nonlinear structure of the example is the method commonly used in analytical pho-
camera calibration problem and in the process present new togrammetry [13, 17, 25, 30, 31, 43], which is a parametric
and provably convergent algorithms for both noncoplanar recursive procedure of the method of least squares. This
and coplanar cases. A study of state of the art camera basic nonlinear formulation has been later extended to
calibration reveals a number of methods [24, 37, 40] to calibration problems in computer vision [5, 36, 40]. Due
compute the extrinsic (external camera geometric) and to the nonlinear nature of this formulation, many research-
intrinsic (internal camera geometric and camera optics) ers [20, 23, 24, 30, 37] observed that this method requires

considerable computational effort and is usually manually
guided. A precise initialization procedure is necessary for* Correspondence should be addressed to Dr. Chatterjee, Newport
this method [24, 40]. In addition, the method ‘‘usually takesCorporation, 1791 Deere Avenue, Irvine, CA 92606. E-mail: cchatter-

jee@newport.com. a long time to derive the solution’’ [24].
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In some applications such as passive stereo image analy- MAIN ESTIMATION METHOD. After the starting esti-
sis, camera calibration may be performed slowly to obtain mates are determined, nonlinear problems are typically
very accurate results. However, there are several applica- solved by iterative reduction of a cost function. Due to
tions that require repeated computation of the camera the structure of the objective function in the calibration
parameters. Examples are: (1) determining the position problem, among the many algorithms for nonlinear optimi-
of a camera mounted on a moving robot, (2) 3D shape zation, we shall emphasize the methods of the Gauss–
measurement of mechanical parts in automatic parts as- Seidel type [4]. The Gauss–Seidel method for block compo-
sembly, (3) part dimension measurement in automatic part nents iteratively minimizes the objective function for a
machining, and (4) navigation of a camera-mounted land given block with the remaining held constant, and the most
vehicle. In light of some of these applications, Tsai [37] recently computed values of the remaining blocks are used.
observes that ‘‘the complete calibration procedure should These methods are particularly attractive because (1) of
not include high dimension (more than five) nonlinear their easy implementation [4, 28], and (2) they lend them-
search.’’ Thus, although calibration usually need not be selves to a comprehensive theoretical convergence analy-
done in real time, the calibration approach should allow sis. In the calibration problem, these properties are used
enough potential for high-speed implementation [24, 37]. to obtain simpler solutions for major parameters and, also,
It is clear from this discussion, that an accurate and optimal, to obtain a rigorous convergence study.
yet faster solution to the calibration problem is urgently Since there are at least 11 parameters to be estimated,
needed. any nonlinear optimization can: (1) be computationally

From the perspective of optimization theory, any nonlin- complex, and (2) interaction between the distortion and
ear procedure should have the following desirable fea- extrinsic parameters can lead to divergence or false solu-
tures: (1) a good starting estimate so that the algorithm tions. In order to alleviate both these problems, we have
does not diverge or converge to a false solution, (2) a partitioned the parameter space into three blocks which
computationally efficient iterative optimization scheme, are: (1) block b containing the extrinsic parameters and
and (3) proofs of convergence at least to a local minimum focal length (intrinsic); (2) block d containing lens distor-
solution. In the literature for nonlinear optimization for tion (intrinsic) parameters for both radial and tangential
camera calibration, these issues have been partially ad- distortions; and (3) block m containing image center and
dressed. However, an algorithm with all these three fea- scale factor (intrinsic) parameters. In the noncoplanar case,
tures has not been clearly addressed as can be seen from this partition of the parameter space helped us to compute
Section 1.1. all extrinsic and lens distortion parameters (blocks b and

In this study, we have addressed all the above features d) by linear iterations or in closed form in each iteration.
of a nonlinear procedure, with a two-step algorithm that Nonlinear optimization is performed on a reduced parame-
consists of an initialization phase and a main estimation ter space of dimension three. In the coplanar case, the lens
method. In a constrained optimization framework, the or- distortion parameters are computed by linear iterations.
thonormality constraints of the camera vectors are imposed Thus, while performing nonlinear optimization over all
during optimization for both noncoplanar and coplanar parameters, we still retain many advantages of the linear
cases. Note that this is entirely different from applying methods and estimate the parameters that are usually con-
constraints after optimization, as is commonly done by the sidered by the nonlinear methods.
noniterative methods. In the process, we have reduced In order to design efficient nonlinear methods, we have
nonlinear minimization to only three parameters for the used objective functions that easily partition the parameter
noncoplanar case, as compared to at least 10 with the space. These objective functions are rooted in the calibra-
classical nonlinear techniques [40, 43]. Furthermore, the tion literature [14–16, 20–24, 27, 33, 34, 37, 44]. However,
method is proven to converge. Detailed discussion on each note that most of these objective functions do not include
item is given below. all the constraints and the parameters discussed in this

study. The proposed objective functions lend themselvesINITIALIZATION ALGORITHM. Although there is no
to the Gauss–Seidel approach for minimization. Thus,known method to guarantee the convergence to a global
without sacrificing the orthonormality constraints, theseminimum solution for a general nonlinear optimization
cost functions offer a faster solution to the calibrationproblem, we have designed an initialization algorithm that
problem. Our experiments for noncoplanar and coplanarprovides an approximate solution as a starting value
cases corroborate the high accuracy of the computed image‘‘close’’ to the global minimum. This step reduces the num-
points when compared to their observed values. We haveber of iterations required in the main algorithm, such that
also shown that these objective functions are an uppera globally optimal solution can be reliably reached. An
bound of the image error computed as the sum of squaredanalytical convergence of the initialization algorithm is

provided. errors in the image.
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CONVERGENCE ANALYSIS. The convergence analysis the imaging plane [39, 42]; (c) measuring the center of the
camera’s field of view [42]; (d) passing a laser beam throughfor the calibration problem is essential in both formulations

mentioned above. In the unconstrained formulation it con- the lens assembly and matching the reflection of the beam
from the lens with the center of the light spot in the imagetains transcendental terms, and in the constrained formula-

tion the constraint set is nonconvex. If the constraint set [27, 42]; (e) measuring the center of cos4th radiometric
falloff or the center of vignetting/image spot [42]; (f) chang-is convex and the objective function has local convexity,

proofs of convergence are readily available [4] for the ing the focal length of a camera–lens system to determine
the image center from a point invariant in the image [27,Gauss–Seidel approach. However, the orthonormality

condition of the camera vectors give us a constraint set 42]. However, most algorithmic methods [10, 12, 14, 15, 20]
usually use the orthonormality condition of the extrinsicthat is not convex. This usually necessitates proofs of con-
parameters or use nonlinear minimization [27, 40, 42] tovergence tailored to the form of the objective function and
compute the image center.the constraint set, because no general proof is available.

We also found a number of methods to compute theThe Gauss–Seidel framework with the partition of the
scale factor by special techniques. Examples of such meth-parameter space leads to a theoretical convergence analy-
ods are: (a) measuring the frequency of the stripes gener-sis. A Lyapunov-type convergence analysis is presented
ated by the interface of ADC-clock and camera-clock thatfor each algorithm. The structure of the objective function
create the scale factor problem [27]; (b) measuring theat each step of the Gauss–Seidel iteration is also analyzed.
distortion in an image of a perfect circle into an ellipseConditions for the existence of feasible solutions are
[33]; (c) computing power spectrum of the image of twostudied.
sets of parallel lines [3]; (d) counting the grid points in an

COPLANAR CALIBRATION. While calibration methods image of a grid pattern [9].
for the noncoplanar case are plenty, there has been limited Unlike most of these methods, the proposed algorithm
discussion on the coplanar case. Tsai [37] has provided one computes the image center and scale factor parameters as
of the few comprehensive methods for the coplanar case. a part of the estimation procedure in both noncoplanar
To the best of our knowledge, an algorithm for the optimal and coplanar cases. In the noncoplanar case, the method
solution does not exist. Since the number of parameters is completely algorithmic. In the coplanar case, we offer
available in the coplanar case are small, satisfying the or- new methods for obtaining initial estimates of image center
thonormality constraints are difficult. In this study, we of- and scale factor from geometric constraints imposed on
fer: (1) new methods to obtain starting estimates of image the camera configuration.
center and scale factor parameters, as well as (2) a new
method to satisfy the orthonormality condition of the cam-

Lens Distortion Parametersera vectors, i.e., obtain an optimal solution.
Another intrinsic parameter commonly studied is the

1.1. Brief Review of State of the Art effect of image distortion due to a nonlinear lens system.
Many researchers [24, 27, 29, 40] have observed that ignor-Instead of reviewing the entire topic of camera calibra-
ing lens distortion is unacceptable in doing 3D measure-tion, we shall review the literature on the following: (1)
ments. Although many studies [8, 27, 32–34, 37] have con-computation of image center and scale factor parameters;
sidered methods for correcting lens distortion, these(2) computation of radial and tangential lens distortion
methods are mostly for radial distortions of lenses up toparameters; and (3) nonlinear methods for the solution of
the first or second order. Some studies [5, 6, 7,13, 40, 43]extrinsic and intrinsic parameters.
have considered both radial and tangential lens distortions
and have used nonlinear optimization schemes to compute

Image Center and Scale Factor Parameters
them. For example Beyer [5] has demonstrated the effects
of higher order radial and tangential distortion models. ByMuch recent literature on camera calibration offers

methods to compute the image center [10, 14, 16, 21, 26, using a first-order radial model, an accuracy in image space
of Ajth of the pixel spacing is obtained. By using a third-27, 39, 40, 42]. Ideally, the image center is the intersection

of the camera’s optical axis with the camera’s sensing plane. order radial and first-order decentering distortion model,
this accuracy is enhanced to fQhth of the pixel spacing. Faug-In practice, the optical axis is not so easily defined and

there are many possible definitions of image centers [42]. eras [14] and Weng et al. [40] used wide-angle lenses and
also found that adding nonradial distortion componentsMethods to measure the image center also vary and may

involve special techniques designed to solve just the image improved accuracy. Using a f 5 8.5 mm wide-angle lens
with both radial and tangential models, Weng et al.center problem. Examples of such methods are: (a) mea-

suring the center of the radial lens distortion [27, 42]; (b) [40] demonstrated a significant improvement in image
error.determining the normal projection of a viewing point onto
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The proposed formulation accounts for general radial the radial information is discarded. This is not an optimal
solution because all information from the calibration pointsand tangential lens distortion models, including both de-

centering and thin prism lens distortions. Furthermore, in is not fully considered. For example, Weng et al. [40] sug-
gest that ignoring the radial information can result in athe Gauss–Seidel framework, all distortion parameters are

updated by linear iterations only, for both noncoplanar less reliable estimator. Furthermore, the orthogonality of
the first two rows of the rotation matrix is not guaranteed.and coplanar cases. As also seen by others [5, 14, 40], we

have experimentally shown the advantage of using the However, Tsai [37] has offered one of the few algorithms
for the coplanar case.tangential model in addition to the radial model in reducing

error in the image plane. Next, we shall study the computational procedure in
traditional analytical photogrammetry. The method [13,
17, 30, 31, 43] is based on the parametric recursive proce-

Nonlinear Methods for Camera Calibration
dure of the method of least squares. Using the Euler angles
for the rotation matrix (see Appendix, Eq. (A1)), twoMany earlier studies [14, 15, 19, 20, 23, 36, 44] have

primarily considered the extrinsic parameters, although nonlinear collinearity equations are obtained for each ob-
servation. The nonlinear equations are linearized usingsome intrinsic parameters are also computed only for the

noncoplanar case. These methods are usually efficient, Newton’s first-order approximation. Based on assumption
of the normal distribution of errors in measurements, themostly due to the computation of linear equations. How-

ever, the methods generally ignore nonlinear lens distor- condition of maximizing the sum of squares of the residuals
results in the maximum-likelihood values of the unknowns.tion, and the coplanar case is also dealt with inadequately.

For example, Sobel [36] used the basic pinhole camera Several iterations of the solution must be made to eliminate
errors due to the linearization procedure. That is, the com-model and utilized nonlinear optimization methods to com-

pute 18 parameters. The nonlinear approach is similar to puted corrections are applied to the approximations at the
end of each iteration, which form the new approximationsthe parametric recursive least squares method discussed

below. He did not model lens distortion, and the system in the next iteration. The initial solution is a prerequisite to
this recursive procedure. In addition, Malhotra and Kararadepended on the user to provide the initial parameters

for the optimization technique. Gennery [16] found the [30] note that ‘‘this solution needs considerable computa-
tional effort when the number of parameters in the adjust-camera parameters iteratively by minimizing the error of

epipolar constraints, but the method is too error prone, as ment are large.’’ The same observation is made by other
researchers [20, 23, 37].observed by Tsai [37]. Yakimovsky and Cunningham [44]

and Ganapaty [15] also used the pinhole model and treated Faig [13], Wong [43], and Malhotra and Karara [30] used
the above method for a general solution of all parameters.some combinations of parameters as single variables in

order to formulate the problem as a linear system. How- The generality of their models allows them to accommo-
date many types of distortions and leads to accurate results.ever, in this formulation, the variables are not completely

linearly independent, yet they are treated as such. Further- However, convergence is not guaranteed. These earlier
nonlinear methods obtain good results, provided that themore, these methods mostly ignore constraints which the

extrinsic and intrinsic parameters must obey. For example, estimation model is good and that a good initial guess is
available. Usually no method is provided to obtain goodthe orthonormality condition of the extrinsic rotation pa-

rameters are not strictly imposed. In general, linear meth- starting estimates. Furthermore, although the model is
nonlinear with transcendental terms and optimization isods are computationally fast, but in the presence of noise,

the accuracy of the final solution is relatively poor. performed with at least 11 parameters, no convergence
property of the optimization scheme is given.Tsai [37] and Lenz and Tsai [27] have considered a two-

stage algorithm using a radial alignment constraint (RAC) The direct linear transformation (DLT) method of
Abdel-Aziz and Karara [1, 25] is a nonlinear method whenin which most parameters are computed in closed form.

A small number of parameters such as the focal length, the lens distortion is corrected. However, in this formula-
tion depth components of control points in a camera-cen-the depth component of the translation vector, and the

radial lens distortion parameters are computed by an itera- tered coordinate system are assumed to be constant. Beyer
[5] uses a nonlinear formulation and a versatile methodtive scheme. If the image center is unknown, it is deter-

mined by a nonlinear approach [27] based on minimizing based on self-calibrating bundle adjustment. The method
is general and accurate results of up to fQhth of the pixelthe RAC residual error. Although the solution is efficient

and the closed form solution is immune to radial lens dis- spacing in image space are reported. With redundant con-
trol points, an accuracy of jQlth of the pixel spacing istortion, the formulation is less effective if the tangential

lens distortion is also included. Furthermore, by taking achieved. However, the study does not report any method
for obtaining starting estimates for the nonlinear procedurethe ratio of the collinearity conditions (stated in (1)), the

method has only considered the tangential information and or any convergence analysis. Nomura et al. [32] also use
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TABLE 1a nonlinear method, where the dimension of the parameter
Camera Calibration Parameters Discussed in This Studyspace for nonlinear optimization is five. This reduced di-

mensionality for nonlinear optimization is obtained by set- Parameters Type Description
ting up the calibration chart precisely to eliminate two

R Extrinsic Rotation matrix for camera orientationEuler angles. The scale factor and depth component of the
t Translation vector for position of cameratranslation vector are assumed known or simply computed.

center
Although, starting estimates are obtained in all above

methods, the research by Weng et al. [40] is an example f Intrinsic Focal length
where a method for obtaining starting estimates is explicitly

i0 , j0 Intrinsic Image center displacementmentioned. As shown by Weng et al. (and our experi-
si , sj Scale factorments), computing all extrinsic parameters with lens distor-

u Skew angle
tion is necessary for accurate camera calibration. The
method employs a two-step algorithm that first computes k1 , . . . , kr0

Intrinsic Radial lens distortion
p1 , p2 Decentering lens distortiona set of starting values for all parameters, and then uses
s1 , s2 Thin prism lens distortionlinear and nonlinear optimization schemes to obtain accu-

rate estimates. Every step of the iteration improves all
parameters by successive minimization of an objective
function that is different from ours.

taining the extrinsic parameters and focal length i.e., pa-
Although not explicitly mentioned, Weng’s algorithm

rameter block b; (2) image center and scale factor
also uses the Gauss–Seidel framework that partitions the

parameters i.e., block m; and (3) lens distortion parameters
parameter space into two blocks, the lens distortion param-

i.e., block d (see Table 1).
eters and the remainder. In this partition, lens distortion
is computed by linear interations, and all extrinsic, image 2.1. Extrinsic and Focal Length Parameter Block b
center, and scale factor parameters (at least 10 parameters)

In this section we shall describe the geometry of theare updated by nonlinear optimization. Moreover, the
calibration system. The geometry involves three coordi-method does not adequately deal with the coplanar case
nate systems (see Fig. 1): (1) a 3D world coordinate systemthat frequently occurs in industrial applications. Further-
(Xw , Yw , Zw) centered around a point Ow and including amore, no convergence property of the global optimization
point p 5 (x, y, z), (2) a camera coordinate systemscheme is provided.
(Xc , Yc , Zc) with origin at optical center Oc with Zc-axisThe proposed method explicitly uses the Gauss–Seidel
the same as the optical axis, and (3) a 2D image arrayframework for nonlinear minimization. It exploits the
system (I, J) centered at a point Os in the image, withstructure of the calibration problem to use smaller blocks
(I, J) axes aligned to (Xc , Yc), respectively, and includingthat are solved by linear iterations or computed in closed
a point (i, j). Let f be the (effective) focal length of theform in each iteration. Nonlinear optimization is per-
camera. The collinearity equations are [17, 25, 31]:formed on a reduced parameter space. For example, in

the noncoplanar case, nonlinear optimization is performed
with only three parameters. A detailed initialization algo-

f SrT
1 p 1 t1

rT
3 p 1 t3

D5 i, f SrT
2 p 1 t2

rT
3 p 1 t3

D5 j. (1)rithm is provided to obtain starting estimates. Further-
more, we have analytically proven the convergence of the
algorithms. The orthonormality of the camera vectors is
satisfied in the final solution for both noncoplanar and
coplanar cases.

In Section 2 we shall describe the camera calibration
model including extrinsic parameters, focal length, image
center, scale factor, and lens distortion parameters. Section
3 describes the initialization algorithm with convergence
analyses. Section 4 discusses the main estimation method
for all parameters with convergence analysis. Section 5 has
experimental results.

2. CAMERA CALIBRATION MODEL

This section deals with the calibration model that in-
cludes: (1) the geometry of the calibration system con- FIG. 1. Mapping of a 3D point (x, y, z) to image point (i, j).
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where RT 5 [r1 r2 r3] is a 3 3 3 rotation matrix defining
the camera orientation, and tT 5 [t1 t2 t3] is a translation
vector defining the camera position. Define the first block
of parameters b 5 hR, t, f j and combinations thereof.

2.2. Image Center and Scale Factor Parameter
Block m

Ideally the image center (i0 , j0) is the intersection of the
optical axis of the camera–lens system with the camera’s
sensing plane. For real lenses, optical axis is not so easily

FIG. 2. Lens distortions: (A) radial pincushion; (B) radial barrel, anddefined, and different definitions of image centers [42]
(C) tangential.

depend on whether the lens has fixed or variable parame-
ters and on how the variable parameters are mechanically
implemented. Examples are: (1) For a simple lens, there
can be two axes of symmetry—optical and mechanical.
The optical axis is the straight line joining the centers of loss of generality, assuming sj 5 1, we obtain [14, 15, 22,
curvature of the two surfaces of the lens, whereas the 27, 37, 40]
mechanical axis is determined by the centerline of the
machine used to grind the lens’ edge. The angle between

id 5 s21
i (if 2 i0), jd 5 ( jf 2 j0). (2)these axes is called decentration [35, 42]. (2) In a compound

lens, the optical axes of multiple lens elements may not
be accurately aligned due to decentration of each lens
element, resulting in multiple possibilities for the optical 2.3. Lens Distortion Parameter Block d
axis. (3) In adjustable and variable focal length lenses, the

In this section, we shall consider the effects of lens distor-misalignment between the optical and mechanical axes
tion on the calibration model. As a result of imperfectionschange as the spacing between the lens elements are
in the design and assembly of lenses, the image of a planechanged.
object lies, in general, on a slightly curved field [31] (seeAnother intrinsic parameter commonly considered is the
Fig. 2), wherein objects at the edge of the field of viewscale factor (si , sj). Array sensors such as CCD/CID sensors
appear somewhat smaller or larger than they should. Typesacquire the video information line by line, where each line
of lens distortions commonly seen are radial [6, 31] andof video signal is well separated by the horizontal sync of
tangential [7, 31]. Two common radial distortions are pin-

the composite video. Usually the vertical spacing between
cushion and barrel distortions. Pincushion distortion re-

lines perfectly matches that on the sensor array giving us sults, for example, when a lens is used as a magnifying
no scale factor in the vertical direction, i.e., sj 5 1. The glass, whereas barrel distortion results when the object is
pixels in each line of video signal are resampled by the viewed through a lens at some distance from the eye.
ADC which in reality, samples the video lines with a rate Tangential distortions are usually caused by: (a) decen-
different than the camera and causes the image to be scaled tering of the lens (decentering distortion) [6, 7, 13, 32, 40];
along the horizontal direction, i.e., si ? 1. Hence, the prob- (b) imperfections in lens manufacturing or tilt in camera
lem of determining scale factor si . sensor or lens (thin prism distortion) [13, 40]. One of the

Some researchers [27, 37, 42] have suggested that si can effects of tangential distortion is that a straight line passing
be approximately determined from the ratio of the number through the center of the field of view may appear in the
of sensor elements in the I image direction, to the number image as weakly curved line (see Fig. 2). Clearly these
of pixels in a line as sampled by the processor. However, distortions are disturbing in applications where the ulti-
due to timing errors, inconsistency of the ADC, and possi- mate task is to map a 3D object in uniform scale from its
ble tilt of the sensor array, this is not so accurate. A more acquired image.
accurate estimate of si is the ratio of the frequency that One commonly used model for correcting lens distortion
sensor elements are clocked off of the CCD, to the fre- is that developed by Brown [6, 7]. Let (di , dj) be the correc-
quency at which the ADC samples. tions for geometric lens distortions present in image coordi-

Thus, m 5 hsi , i0 , j0j. Consider an image point (if , jf ) nates (id , jd), respectively, where (id , jd) are obtained from
with respect to the center Os of the image buffer. Let the (2). Let (i, j) be the true image coordinates of a 3D point
actual image center be at (i0 , j0). Let (id , jd) be the location (x, y, z). With r2 5 (i2 1 j2), (di , dj) are expressed by the

following series [6, 7, 31, 40]:of the point in the image with respect to (i0 , j0). Without
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di 5 i(k1r2 1 k2r4 1 ? ? ? 1 kr0
r2r0) 1 (p1(r2 1 2i2) Given N world and corresponding image points, the objec-

tive function F is obtained from the sum of squared errors
1 2p2ij)(1 1 p3r2 1 ? ? ?) 1 (s1r2 1 ? ? ?),

(3) in (6) as follows:

dj 5 j(k1r2 1 k2r4 1 ? ? ? 1 kr0
r2r0) 1 (2p1ij 1 p2(r2 1 2j2))

F(b, d, m) 5 ON
n51

(wT
nb 2 dTsnhT

nb)2 1 ON
n51

(wT
nb 2 dTsnhT

nb)2.3 (1 1 p3r2 1 ? ? ?) 1 (s2r2 1 ? ? ?).

(7)
Here r0 is the order of the radial distortion model. Terms
including coefficients (k1 , k2 , k3 , . . . , kr0

) account for radial
In the noncoplanar case, a complete solution of (7) is adistortion, (p1 , p2 , p3 , . . .) represent decentering distor-

constrained minimization problem, whereby F is mini-tions, and (s1 , s2 , . . .) represent thin prism distortions.
mized under the orthonormality of rotation matrix R. ThisImage coordinates are corrected for lens distortion by the
imposes six constraints: rT

1 r2 5 rT
2 r3 5 rT

3 r1 5 0, and ir1i2 5expression below:
ir2i2 5 ir3i2 5 1. These constraints are imposed in the main
algorithm in Section 4. For the initialization stage, how-i 5 id 1 di , and j 5 jd 1 dj . (4)
ever, several critiques have been made before [40] on main-
taining the orthonormality of R with respect to the overallAlthough the formulation can account for the general
quality of the estimates. In the presence of inaccurate esti-lens distortion model (3), in this study, we shall focus on the
mates of (b, d, m) at the initialization stage, imposinggeneral radial and first-order tangential distortion models.
the orthonormality constraints may lead to false solutions.Thus, the distortion parameter block is dT 5 [k1 k2 ? ? ?
Conforming to literature [14, 15, 34, 40], we shall simplifykr0

p1 p2 s1 s2].
the constraints by only using ir3i2 5 1 for the initialization

3. INITIALIZATION ALGORITHM algorithm. However, note that orthonormality of R is re-
stored at the end of the initialization algorithm and an

In this section we shall present the initialization algo- estimate of m is obtained by the methods in Section 3.4.
rithm that obtains an approximate solution as a starting Further note that r3 is unaffected by image center and scale
parameter vector for fast and accurate convergence of the factor parameters (see Section 3.4), giving us a solution
main estimation method in Section 4. Given image point that is reliable in the presence of these distortions. Note
(if , jf) for corresponding world point (x, y, z), the image that in most instances, a solution for b is obtained from
coordinates are corrected for image center, scale factor, (7) by an unconstrained minimization of F (in the absence
and lens distortion by (2) and (4) as of distortions) which is subsequently improved by imposing

ir3i2 5 1. Instead, we shall impose the constraint ir3i2 5 1
i(d, m) 5 id 1 dTs, j(d, m) 5 jd 1 dTs, (5) during the solution of b (see Section 3.2).

The initialization algorithm is motivated by the followingwhere
considerations:

sT(m) 5 [idr2
d idr4

d ? ? ? idr2r0d (r2
d 1 2i2

d) 2id jd r2
d 0], (1) Effects of lens distortion cannot be ignored and

should be reduced to obtain good starting estimates ofsT(m) 5 [ jdr2
d jdr4

d ? ? ? jdr2r0d 2id jd (r2
d 1 2j2

d) 0 r2
d],

image center and scale factor parameters.
id(m) 5 s21

i (if 2 i0), jd(m) 5 ( jf 2 j0), r2
d 5 i2

d 1 j2
d . (2) The extrinsic and lens distortion parameters can be

computed for a given image center and scale factor by
Substituting (5) in the collinearity conditions, stated in (1), linear iterations (due to Gauss–Seidel) and convergence
we obtain is obtained reliably.

(3) Once the lens distortion effects are reduced fromwTb 2 dTshTb 5 0, wTb 2 dTshTb 5 0, (6)
the image points, there are many well-known methods [14,
15, 20, 27] to compute starting estimates of image centerwhere
and scale factor parameters.

wT(m) 5 [x y z 0 0 0 1 0 2id 2idx 2id y 2idz], (4) Estimation of image center and scale factor parame-
ters is a nonlinear procedure that requires good startingwT(m) 5 [0 0 0 x y z 0 1 2jd 2jdx 2jd y 2jdz],
estimates for proper convergence. This is not available at

hT 5 [0 0 0 0 0 0 0 0 1 x y z], and the initialization stage.
bT 5 [ frT

1 frT
2 ft1 ft2 t3 rT

3 ] is the first block of
We shall, therefore, simplify (7) by holding the image

center and scale factor parameters m at an initial valueparameters.
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discussed in Section 3.1. The objective functions for the At the end of the minimization of F for both noncoplanar
and coplanar cases, m is obtained separately for each casenoncoplanar and coplanar cases are as follows:
as discussed in Section 3.4. In the process, orthonormalityNoncoplanar case. From (7), we obtain the objective
of R is restored.function F as

The initialization algorithm is started with d 5 0, and
m as discussed in Section 3.1. Following our Gauss–Seidel

F(b, d) 5 ON
n51

(wT
nb 2 dTsnhT

nb)2 1 ON
n51

(wT
nb 2 dTsnhT

nb)2. approach, the initialization algorithm minimizes F in (8)
or (9) by iterating between:

(8)
Step 1. For the noncoplanar case, compute b by minimiz-

ing F in (8) under ir3i2 5 1 with d held constant at its valueUsing Lagrange multiplier l, define Lagrange function
in Step 2. This is a constrained optimization step that yieldsL(b, d, l) as
a closed-form solution. For the coplanar case, compute b9
by minimizing F in (9) with d held constant. This is a linear

L(b, d, l) 5 ON
n51

(wT
nb 2 dTsnhT

nb)2
optimization step.

Step 2. Compute d by minimizing F in (8) or (9) with b
or b9 held constant at its value in Step 1. This is a linear1 ON

n51
(wT

nb 2 dTsnhT
nb)2 2 l(ir3i2 2 1).

optimization step for both noncoplanar and coplanar cases.

Outline of the Section. In the following sections, we shall
Coplanar case. Here we assume that it is the z-coordi- discuss two sets of results: (1) methods to estimate the pa-

nate that is unimportant. Due to this assumption, the last rameters for both noncoplanar and coplanar cases; and (2)
component of the camera vectors cannot be determined convergence proofs for the initialization algorithm. For pa-
from the collinearity equations (1). Thus, the constraint rameter estimation, we have four steps: (1) initial estimation
ir3i2 5 1 cannot be imposed. Instead of the six orthonor- of m with d 5 0; (2) computation of b or b9 with d and m
mality constraints described above, we have three con- held constant; (3) computation of d with b or b9 and m held
straints: r2

11 1 r2
21 1 r2

31 5 r2
12 1 r2

22 1 r2
32 5 1 and r11r12 1 constant; and (4) computation of m from b or b9 with d held

r21r22 1 r31r32 5 0, where rij is the jth component of ri . In constant. In the convergence analysis, we shall show the fol-
Section 4, we shall discuss a method to satisfy these con- lowing: (1) decrease of the objective function in every itera-
straints. At the initialization stage, we solve the coplanar tion of the algorithm; and (2) convergence of the initializa-
problem with no constraint. From (6), we have for t3 ? 0 tion algorithm to a local minimum solution.
(note that this is commonly done for the coplanar case 3.1. Initial Estimation of m with d 5 0—
[37, 44]), The Linear Method

For the noncoplanar case, an estimate of m is obtainedw9Tb9 2 dTsh9Tb9 2 id 2 dTs 5 0,
prior to the above iterative steps by computing b with

w9Tb9 2 dTsh9Tb9 2 jd 2 dTs 5 0, d 5 0 from the method in Section 3.2. An estimate of m
is obtained from this b by imposing the orthonormality

where s(m), s(m), id(m), and jd(m) are defined in (5): constraints of R as shown in Section 3.4 from (17). This
method of obtaining b and m is referred to as the ‘‘linear

w9T(m) 5 [x y 0 0 1 0 2idx 2id y], method’’ in this study, because it closely resembles some
linear methods in the literature [14, 20]. Weng et al. [40]w9T(m) 5 [ 0 0 x y 0 1 2jdx 2jd y],
have shown that in obtaining an initial guess for m, a set

h9T 5 [0 0 0 0 0 0 x y], of ‘‘central points’’ may be used. Central points are those
calibration points near the center of the image, and they

b9T 5 Ffr11

t3

fr12

t3

fr21

t3

fr22

t3

ft1

t3

ft2

t3

r31

t3

r32

t3
G do not contain significant lens distortion effects.

For the coplanar case, the center of the image buffer
may be used as a starting value of the image center. Startingis the first block of parameters for the coplanar case. With
value of the scale factor may be obtained from manufactur-m held constant, we obtain the objective function F from
er’s specification of the imaging hardware.

the sum of squared errors as
3.2. Solution for Step 1—Estimation of b with

d and m Held Constant
F(b9, d) 5 ON

n51
(w9T

nb9 2 dTsnh9T
nb9 2 idn

2 dTsn)2

(9) Noncoplanar Case

From F in (8), the minimization problem for b with d1 ON
n51

(w9T
nb9 2 dTsnh9T

nb9 2 jdn
2 dTsn)2.

and m held constant is
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Minimize F(b) 5 bTAb subject to h(b) 5 bTPb 2 1 5 0, and unique minimum root conditions for A. Note that both
6r3 satisfy (13). The sign of r3 is resolved from the sign of

where A, P [ R12312.
t3 . As drawn in Fig. 1, t3 is negative (positive) if the origin

(10)
of the world coodinate system Ow is in front (behind) the
camera. An algorithmic method is given in [37].

Matrix A 5 oN
n51qnqT

n 1 oN
n51qnqT

n , where qn 5 wn 2 dTsnhn ,
qn 5 wn 2 dTsnhn , and P 5 [0 0

0 I3
]. Clearly, A is positive defi-

Coplanar Casenite for 12 linearly independent vectors (qn , qn) obtained
from a minimum of six independent control points. Using From F in (9), the minimization problem is
Lagrange multiplier l, define the Lagrange function:

Minimize F(b9) 5 b9TA9b9 2 2b9Tb9,
(15)

L(b, l) 5 bTAb 2 l(bTPb 2 1). (11)

where A9 [ R838, b9 [ R8.
From (11), =bL(b, l) 5 0 gives

Matrix A9 5 oN
n51qnqT

n 1 oN
n51qnqT

n , where qn 5 w9n 2Ab 5 l Pb. (12)
dTsnh9n , qn 5 w9n 2 dTsnh9n , and b9 5 oN

n51qnin 1 oN
n51 qn jn .

Equation (15) is solved with at least eight linearly indepen-Let [A1 A2
AT

2 A3
] be a partition of A, where A1 [ R939, A2 [ R933,

dent (qn , qn), obtained from a minimum of four indepen-and A3 [ R333. Note that A positive definite implies A1 is
dent control points. Matrix A9 is positive definite and F ispositive definite. From (12), we obtain the following 3 3
strictly convex. Minimization is achieved in one step with3 symmetric eigenvalue problem for the solution of r3 :
a unique b* [ R8, where b* 5 A921b9.

(A3 2 AT
2 A21

1 A2)r3 5 Br3 5 lr3 ,
(13) 3.3. Solution for Step 2—Estimation of d withwhere B 5 A3 2 AT

2 A21
1 A2 .

b and m Held Constant

The remaining vectors are This is a linear optimization step for both cases. For
noncoplanar case, with b and m held constant, F(d) 5
dTQd 2 2dTa. Matrix Q 5 oN

n51(hT
nb)2(snsT

n 1 snsT
n) is posi-[ frT

1 frT
2 ft1 ft2 t3]T 5 2A21

1 A2r3 . (14)
tive definite for M linearly independent (sn , sn), where M
is the dimension of d and a 5 oN

n51hT
nb(snwT

n 1 snwT
n)b isTheorem 1 and the discussions below establish the fol-

a M 3 1 nonzero vector.lowing results: (1) existence of a global minimum solution
for (10); (2) existence of a unique local minimum solution;
and (3) evaluation of (13) and (14) yields the global 3.4. Estimation of m from b with d Held Constant
minimum solution. Existence of a global solution for

A starting estimate of m is obtained at the end of the(10) can be seen from the fact that if ibi2 R y then
iterative minimization of F in (8) or (9). As shown inbTAb R y because A is positive definite. Furthermore,
Section 3.1, an initial guess for m is obtained by the linearS 5 hb: bTPb 5 1j is closed. Since F in (10) is continuous,
method before minimizing F. Due to inaccuracies in thisthere exists [41] a b* [ S such that F(b*) 5 infb[SF(b).
initial guess for m, the minimization of F will yield esti-The following theorem describes the feasibility of a unique
mates b̃T 5 (r̃T

1 , r̃T
2 , t̃1 , t̃2 , t̃3 , r̃T

3 ), instead of b or b9. Assum-local solution.
ing that a good starting estimate of the lens distortion

THEOREM 1. Suppose that A is positive definite and B parameter vector d is obtained from these iterations, a
has a unique minimum eigenvalue, then there exists b* [ more accurate initial estimate of b or b9 and m can be
R12 and l* [ R such that h(b*) 5 0 and b* is the strict obtained from b̃ by the methods discussed below.
local minimum of F in (10). Furthermore, the corresponding
minimum value F(b*) 5 l*.

Noncoplanar Case
Proof. Proof given in the Appendix.

In the noncoplanar case, from (8) we obtain 11 equations
with six constraints for 16 unknowns (r1 , r2 , r3 , t1 , t2 , t3 , f,Since we have established the existence of a global solu-

tion, the unique local solution is also the global solution. si , i0 , j0). In order to match the number of unknowns to
equations and constraints, we added the skew angle [20]Matrix A has distinct roots if the 12 independent (qn ,

qn) have distinctly different lengths. A grid pattern of cali- u, where u is the positive angle by which the I image
coordinate is skewed from J. From (1) and (2) we obtainbration points in a rectangular lattice (in multiple positions

for the noncoplanar case) satisfies the positive definiteness the components of b̃ as:
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j0 5 ai0 1 b, (20)r̃1 5 fi(r1 cos(u) 1 r2 sin(u)) 1 i0r3 , r̃2 5 fr2 1 j0r3 , r̃3 5 r3 ,

t̃1 5 fi(t1cos(u) 1 t2 sin(u)) 1 i0t3 , t̃2 5 ft2 1 j0t3 , and (16) where a 5 S2c1

d1s2
i
D, b 5 2

1
d1
Sc0

s2
i

1 d0D,

t̃3 5 t3 , where fi 5 si f.
c0 5 (r̃31r̃11 1 r̃32r̃12)(r̃32r̃11 2 r̃31r̃12),

c1 5 (r̃ 2
31 1 r̃ 2

32)(r̃31r̃12 2 r̃32r̃11), (21)From (16) and the orthonormality of (r1 , r2 , r3), we obtain:

d0 5 (r̃31r̃21 1 r̃32r̃22)(r̃32r̃21 2 r̃31r̃22),

d1 5 (r̃ 2
31 1r̃ 2

32)(r̃31r̃22 2 r̃32r̃21), d1 ? 0.i0 5 r̃T
1 r̃3 , j0 5 r̃T

2 r̃3 , fi 5 ir̃1 2 i0r̃3i, f 5 ir̃2 2 j0r̃3i, si 5
fi

f

In terms of (r13 , r23 , r33), c0 , c1 , d0 , and d1 can be ex-
r1 5

(r̃1 2 i0r̃3)
fi

sec(u) 2
(r̃2 2 j0r̃3)

f
tan(u),

(17)
pressed as

c0 5 ( f 2
i r13r23r33 2 i0 fi(1 2 r2

33)r23)/t4
3 ,

r2 5
(r̃2 2 j0r̃3)

f
, where sin(u) 5

(r̃1 2 i0r̃3)
fi

?
(r̃2 2 j0r̃3)

f c1 5 ( fi(1 2 r2
33)r23)/t4

3 ,
(22)

d0 5 (2f 2r13r23r33 1 j0 f(1 2 r2
33)r13)/t4

3 ,t1 5
(t̃1 2 i0t̃3)

fi
sec(u) 2

(t̃2 2 j0t̃3)
f

tan(u), t2 5
(t̃2 2 j0 t̃3)

f
.

d1 5 (2f (1 2 r2
33)r13)/t4

3 .

From (20) and (22) we obtain the following two lemmasNote that r1 , r2 , r3 obtained above are orthonormal.
that describe the geometric constraints that can be imposed
on the calibration setup to estimate image center i0 and j0 .

Coplanar Case
LEMMA 1. A sufficient condition to obtain i0 is r23 ? 0

In the coplanar case, dropping the skew angle u, from and r13 5 0, where i0 5 (2c0/c1) 5 (2b/a).
(1), (2), and (16) we obtain b̃ as

LEMMA 2. A sufficient condition to obtain j0 is r13 ? 0
and r23 5 0, where j0 5 (2d0/d1) 5 b.

r̃1 5
( fir1 1 i0r3)

t3
, r̃2 5

( fr2 1 j0r3)
t3

, r̃3 5
r3

t3
,

(18)
Proof. Proofs for both lemmas are given in the Ap-

pendix.

It is clear from the above lemmas, that since r13 and r23t̃1 5
( fit1 1 i0t3)

t3
, t̃2 5

( ft2 1 j0t3)
t3

, t̃3 5 1,
are unknowns during the calibration process, it is difficult
to satisfy these constraints accurately. However, we shall
use these lemmas to obtain starting (approximate) esti-

where fi 5 si f. Here (r̃1 , r̃2 , r̃3) have only the first two mates of (i0 , j0). The following is an example to approxi-
components. In (18) we have eight equations with three mately satisfy the above lemmas.
constraints (see below) for 13 unknowns (r11 , r12 , r21 , r22 , Given Euler angles (g, f, k) [17, 22], where g is clock-
r31 , r32 , t1 , t2 , t3 , f, si , i0 , j0), where rij is the jth component wise rotation around Xw (tilt), f is rotation around Yw
of ri . From orthonormality of R, we obtain the following (pan), and k is rotation around Zw (swing), rotation matrix
three constraints: R is obtained by rotations in this order (see Appendix, Eq.

(A1)). Place the origin Ow of the world coordinate system
at the center of the calibration grid. Assuming the grid is

r2
11 1 r2

21 1 r2
31 5 r2

12 1 r2
22 1 r2

32 5 1,
(19) rectangular, align the (Xw , Yw) axes along the horizontal

and vertical directions of the grid, respectively. Approxi-r11r12 1 r21r22 1 r31r32 5 0.
mately align the world coordinates (Xw , Yw) with the cam-
era coordinates (Xc , Yc), respectively. This is done by plac-
ing the camera or the grid such that the camera axis isSince we have two more unknowns than equations and

constraints, we can obtain one equation in terms of (approximately) perpendicular to the calibration grid, and
the grid is well centered and not rotated or skewed in the(r̃1 , r̃2 , r̃3) containing three unknowns. Applying estimates

(18) into constraints (19), we obtain the following equation image (i.e., g 5 f 5 k 5 0). From this position, rotate the
grid around the Xw and Yw axes, respectively, to satisfyin si , i0 , and j0 ,
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Lemmas 1 and 2. First, rotate the grid around the Xw-axis
only (i.e., g ? 0, f 5 k 5 0) giving us r13 5 0 and r23 ?
0 to satisfy Lemma 1. For Lemma 2 rotate the grid around
the Yw axis only from its initial position (i.e., g 5 k 5 0,
f ? 0) giving us r23 5 0 and r13 ? 0. Note that, in practice,
we can only approximately satisfy these lemmas, thus ob-
taining approximate estimates of (i0 , j0). Further note that
these are not unique ways to satisfy Lemmas 1 and 2.

A rough estimate of si can be obtained from the follow-
ing expression:

2c0

d0
5 s2

i Sr13r23r33 2 i0(1 2 r2
33)2r23/fi

r13r23r33 2 j0(1 2 r2
33)2r13/fD. (23)

Note that if i0(1 2 r2
33)2r23/fi ,, 1 and j0(1 2 r2

33)2r13/f ,,
1, then si p Ï2c0/d0 , where p denotes approximately
equal. This condition is true in applications where the focal
length f (in pixels) .. (i0 , j0). Furthermore, if (r13 , r23) p
0, and r33 p 1, we also obtain a good starting estimate of
si from Ï2c0/d0 . To satisfy these conditions, position the
camera with its axis perpendicular to the calibration grid.
If the calibration grid (assuming the grid is rectangular) is
well centered and does not appear rotated or skewed in
the image, we have (r13 , r23) p 0 and r33 p 1. The scale
factor si is obtained from Ï2c0/d0 .

Finally, with known (i0 , j0), we compute si , f, and t3 from
the following equation derived from (19):

(24)

FIG. 3. Flow chart of the proposed method: (A) noncoplanar;
(B) coplanar cases.

3.1. (1) First, position the camera to approximately satisfy
the conditions of (23), and then, minimize F in (9) to obtain
b̃ from which an initial estimate of scale factor si is obtained
from Ï2c0/d0 . Next, Lemmas 1 and 2 are utilized. (2)
Here we position the camera to approximately satisfy

3
(r̃11 2 i0r̃31)2 (r̃21 2 j0r̃31)2 r̃2

31

(r̃12 2 i0r̃32)2 (r̃22 2 j0r̃32)2 r̃ 2
32

(r̃11 2 i0r̃31)(r̃12 2 i0r̃32) (r̃21 2 j0r̃31)(r̃22 2 j0r̃32) r̃31r̃32
4

3
(t3/fi)2

(t3/f )2

t2
3
45 3

1

1

0
4.

Lemma 1 and then minimize F in (9) to obtain b̃, from
which we get a starting estimate of i0 . (3) Next we repeat
this method for Lemma 2 to get a starting estimate of j0 .

The sign of t3 is discussed in Section 3.2. (4) Finally, the remaining parameters f and t3 are obtained
from (24). The redundant value of si obtained from (24)SUMMARY OF THE INITIALIZATION ALGORITHM. In the
is not used. A flowchart of the proposed method in thenoncoplanar case, we do the following: (1) Obtain an initial
noncoplanar and coplanar case is shown in Fig. 3.guess for m by the linear method that consists of minimizing

F in (8) under constraint ir3i2 5 1 with d 5 0 and then 3.5. Convergence Analysis
using (17). Only central points may be used for this estima-
tion. (2) Next F is iteratively minimized under ir3i2 5 1 to In this section we shall discuss the convergence proper-

ties of the initialization algorithm (see Table 2). In formu-obtain b̃ and d. (3) At the end of this minimization, obtain
m and b from b̃ by using (17). lating and attacking the minimization problems (8) and (9)

we shall want to have a global minimum solution. PracticalIn the coplanar case, we do the following: Start with a
‘‘reasonable’’ initial guess for m as indicated in Section reality, however, both from the theoretical and computa-
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TABLE 2 the algorithm. Theorem 2 uses these results to prove the
Summary of Convergence Issues Discussed in This Study convergence of the initialization algorithm to a local mini-

mum solution.Algorithmic step Convergence issues and results

LEMMA 3. The initialization algorithm, in Step 2, strictlyInitialization algorithm Theorem 1: Evaluation and existence of a
reduces the objective functions F in (8) for the noncoplanarglobal solution

Estimation of b with d Lemma 4: Objective function (8) (strictly) case and F in (9) for the coplanar case.
and m held constant decreases in each iteration for the non-

Proof. Proof given in the Appendix.coplanar case
Lemma 5: Objective function (9) strictly

LEMMA 4. The initialization algorithm, in Step 1, re-decreases in each iteration for the co-
planar case duces the objective function F in (8) for the noncoplanar

case.
Initialization algorithm Lemma 3: Objective functions (8) and (9)

Estimation of d with b strictly decrease in each iteration for Proof. Proof given in the Appendix.
and m held constant noncoplanar and coplanar cases respec-

tively LEMMA 5. The initialization algorithm, in Step 1, strictly
reduces the objective function F in (9) for the coplanar case.

Initialization algorithm Theorem 2: Convergence to a local mini-
mum solution Proof. The proof is similar to that for Lemma 3 because

the objective function is quadratic as in Lemma 3.
Main algorithm Lemma 6: Objective function (25) strictly
Estimation of b with d decreases in each iteration for the non- THEOREM 2. Suppose that F in (8) or (9) has a strict

and m held constant coplanar case local minimum point x* 5 (b*, d*). Let hxk 5 (bk , dk)j be
the sequence generated by the initialization algorithm. If x0Main algorithm Lemma 3 (extended): Objective functions
is sufficiently close to x*, then hxkj converges to x*.Estimation of d with b (25) and (26) strictly decrease in each

and m held constant iteration for noncoplanar and coplanar
Proof. Proof given in the Appendix.cases respy

Main algorithm Unconstrained nonlinear minimization de- Discussion on the Convexity of the Objective Functions F
Estimation of m with creases objective functions (25) and in (8) and (9)

b and d held (26) in each iteration for noncoplanar
constant and coplanar cases respy The Hessian of F in (8) equals 2(P 2 Q), with P, Q [

R121M are defined in the Appendix (Eq. (A2)). Matrix P
Main algorithm Theorem 3: Convergence to a local mini- is positive definite for at least 12 1 M linearly independent

mum solution
(an , an) (see Appendix, Eq. (A2)), whereas Q is indefinite.
Note that Q is small in the neighborhood of x* (since
qT

nb and qT
nb are close to zero). On the other hand, P is

tional viewpoints, dictates that we must be content with a large in comparison to Q in the neighborhood of x*. There-
local (relative) minimum point [28]. For simpler sub- fore, the overall Hessian is positive definite; i.e., F is strictly
problems, such as (10) and (15), we have shown a global convex. Our experiments support this fact.
solution. For complex objective functions in (8) and (9) It is our experience that the objective function F in (8)
that have multiple convex regions, global conditions and or (9), that contains b and d only, has a distinct convex
global solutions are impractical and a local solution is the region around the desired solution. This can also be seen
best that we can achieve. For this reason, we have designed from the above discussion, where P 2 Q is usually positive
a detailed initialization algorithm such that the main pa- definite for a wide range of x around x*, since Q is small
rameter estimation procedure, in Section 4, starts from a compared to P. With m added to F as in (7), F has many
basin of attraction that contains a solution that is ‘‘close’’ convex regions around different solutions for m. It is, there-
to the global minimum value. fore, important to obtain a good starting estimate of m in

Besides the fact that iterative nonlinear algorithms re- the initialization algorithm.
quire proofs of convergence, note that the proposed formu-
lation, in the noncoplanar case, has a constraint set that is 4. MAIN ESTIMATION ALGORITHM
not convex. Under this condition, a proof of convergence
for the algorithm is necessary. In this final step, all parameters are computed by starting

with the results of the initialization algorithm. All orthonor-The lemmas below discuss the following: (1) conditions
for the objective functions F in (8) and (9) to (strictly) mality constraints are imposed during optimization. A proof

of convergence is also given. The objective functions fordecrease in successive iterations; and (2) a closed-form
expression for the amount of decrease in each iteration of the noncoplanar and coplanar cases are as follows.
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Noncoplanar case. The objective function F is defined Step 1. For the noncoplanar case, compute b by minimiz-
ing F in (25) under all orthonormality constraints withfrom (1) as
d and m held constant at their values in Steps 2 and 3,
respectively. This is a constrained minimization problem
that is solved by iterating between three steps, where eachF(b, d, m, q) 5 ON

n51
Sqnin

f
2 (rT

1 pn 1 t1)D2

step yields a closed form solution (see Section 4.1). For
the coplanar case, compute b9 by minimizing F in (26)
under the orthonormality constraints in (19). This is a1 ON

n51
Sqn jn

f
2 (rT

2 pn 1 t2)D2

(25)
constrained minimization problem that requires nonlin-
ear optimization.

1 ON
n51

(qn 2 (rT
3 pn 1 t3))2,

Step 2. Compute d by minimizing F in (25) or (26) with
b or b9 and m held constant at their values in Steps 1 and
3, respectively. This is a linear optimization step.

where in and jn are as defined in (5) and rotation matrix
Step 3. Compute m by minimizing F in (25) or (26) withRT 5 [r1 r2 r3]. Here qT 5 [qn , n 5 1, . . . , N] is a new

b or b9 and d held constant at their values in Steps 1 and‘‘depth’’ vector that is estimated by the proposed algorithm
2, respectively. This is a nonlinear optimization step.in an intermediate step. The first block b 5 hR, t, f j. Blocks

d and m are same as before. The objective function F in
Outline of the Section

(25) is minimized under the orthonormality constraints:
RTR 5 RRT 5 I3 . Define Lagrange function L as In the following sections, we shall discuss two sets of

results: (1) methods to estimate the parameters in both
noncoplanar and coplanar cases; and (2) convergence re-
sults for the main algorithm. Parameter estimation consistsL(b, d, m, q, l) 5 ON

n51
Sqnin

f
2 (rT

1 pn 1 t1)D2

of three steps: (1) estimation of d with b and m held con-
stant; (2) estimation of b with d and m held constant;
and (3) estimation of m with b and d held constant. The1 ON

n51
Sqnjn

f
2 (rT

2 pn 1 t2)D2

convergence analysis shows the following: (1) decrease of
the objective function F in (25) in every iteration; and (2)

1 ON
n51

(qn 2 (rT
3 pn 1 t3))2

the convergence of the main algorithm to a local mini-
mum solution.

1 l1(ir1i2 2 1) 1 l2(ir2i2 2 1)
Solution for Step 2—Estimation of d with b and m held

constant. This step is almost the same as the correspond-1 l3(ir3i2 2 1) 1 2l4rT
1 r2

ing step in Section 3.3. It is an unconstrained minimization
1 2l5rT

2 r3 1 2l6rT
3 r1 , of a quadratic function that is a linear optimization step.

4.1. Solution for Step 1—Estimation of b withwhere l 5 (l1 , . . . , l6) are the Lagrange multipliers.
d and m Held Constant

Coplanar case. The objective function for the coplanar
Noncoplanar Casecase is obtained from (7) and (9) as

Minimization of F in (25) to obtain b under the orthonor-
mality constraints is a nonlinear minimization problem.

F(b9, d, m) 5 ON
n51

(w9T
n b9 2 dTsnh9T

nb9 2 idn
2 dTsn)2

(26)
This is similar to the exterior orientation problem, in pho-
togrammetry, where the focal length f is usually known,
whereas in our case f is unknown. The exerior orientation1 ON

n51
(w9T

n b9 2 dTsnh9T
nb9 2 jdn

2 dTsn)2,
problem (also known as the space resection problem in
photogrammetry) can be solved by many approaches [21,
22, 45]. Of these, we shall choose a method [21] that useswhere w9, w9, s, s, id , and jd are functions of m. All parame-
the Gauss–Seidel approach and adapt it to the currentters in (26) are defined in (9). The three orthonormality
problem. Given a point pn 5 (xn , yn , zn) in the world frameconstraints in (19) are imposed during the minimization
with corresponding image point (in , jn), define a vectorof F in (26). Further details on the constraints are given
vT

n 5 [(in/f) ( jn/f) 1] for n 5 1, . . . , N. Now define ain Section 4.1 (Coplanar case).
‘‘depth’’ variable qn such that, from (25), qnvn 5 Rpn 1 t
for n 5 1, . . . , N. Transformation from pn to qnvn is a 3DThe main algorithm minimizes the objective function F

in (25) or (26), by iterating between the following steps: to 3D transform with respect to rotation R and translation
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t for n 5 1, . . . , N. Define a depth vector qT 5 [qn , n 5 After eliminating f and t3 from the three equations, we get
one equation in terms of b9, which is our constraint. Let1, . . . , N].

The solution consists of iterations between the following this constraint be denoted by hcop(b9) 5 0. Let b9T 5 [bi ,
i 5 1, . . . , 8]. Then,three steps:

Step 1.1. Compute R and t with focal length f and q held
hcop(b9) 5 (b7b1 1 b8b2)(b8b1 2 b7b2)

(30)constant. This is a closed form solution.

Step 1.2. Compute depth q with R, t, and f held constant. 1 (b7b3 1 b8b4)(b8b3 2 b7b4).
This is a linear solution.

Step 1.3. Compute focal length f with q, R, and t held Define Lagrange function L as
constant. This is a linear solution.

The objective function F in (25) can be expressed as L(b9, d, m, l) 5 ON
n51

(w9T
nb9 2 dTsnh9T

nb9 2 idn
2 dTsn)2

below for the above iterations:

1 ON
n51

(w9T
nb9 2 dTsnh9T

nb9 2 jdn
(31)

F(R, t, q, f) 5 ON
n51

iqnvn 2 (Rpn 1 t)i2

(27)
2 dTsn)2 1 lhcop(b9),with RTR 5 RRT 5 I3 .

Solution for Step 1.1—The Absolute Orientation Prob- where l is the Lagrange multiplier. This is a nonlinear
lem. The solution of R and t from (27) is a well known constraint that is solved by nonlinear optimization such as
problem [17, 22, 31] in photogrammetry, commonly known the Newton’s method.
as the absolute orientation problem. In this formulation, R Thus, the objective function F in (26) is minimized with
can be obtained from the singular value decomposition of m and d held constant under the constraint hcop(b9) 5 0.
B 5 oN

n51(pn 2 p)(qnvn 2 qv)T which is B 5 UDVT. We Note that with m and d held constant, F in (26) is a qua-
obtain [2, 18, 21]: R 5 VUT. Here p and qv are the averages dratic function F(b9) 5 b9TA9b9 2 2b9Tb9, similar to (15).
of pn and qnvn , respectively, over n. Translation vector t After minimizing F, estimates of t3 and f are obtained from
is t 5 qv 2 Rp. (24). Although the method is nonlinear and the constraints

nonconvex, our experiments show that the minimizationSolution for Step 1.2. With R, t, and f held constant,
process is fast and accurate.the solution for qn , n 5 1, . . . , N, is a linear estimation

step. It is obtained from (27) as
4.2. Solution for Step 3—Estimation of m with

b and d Held Constant
qn 5

(Rpn 1 t)Tvn

ivni2 for n 5 1, . . . , N. (28)
Although estimation of m with b and d held contant is

an unconstrained minimization step, this is a nonlinear
Solution for Step 1.3. With R, t, and q held constant, minimization problem for both noncoplanar and coplanar

the solution for focal length f is also a linear estimation cases. The objective function F in (25) for the noncoplanar
step and is obtained from (27) as case, or (26) for coplanar case, is minimized by standard

methods, such as the conjugate direction [28] or quasi-
Newton [28] methods. Needless to say that a proper start-f 5

f

c
, where f 5 oN

n51q2
n(i2

n 1 j2
n),

(29) ing value of m, obtained by the initialization algorithm, is
essential for accurate convergence of this step.

c 5 oN
n51qn(rT

1 pn 1 t1)in 1 oN
n51qn(rT

2 pn 1 t2)jn .

4.3. Convergence Analysis
Coplanar Case

In this section, we give the following results: (1) the
In the coplanar case, we need to satisfy the orthonor- objective functions F in (25) for the noncoplanar case and

mality constraints given in (19). Recall that the constraints (26) for the coplanar case (strictly) decrease in each step
are: r2

11 1 r2
21 1 r2

31 5 r2
12 1 r2

22 1 r2
32 5 1 and r11r12 1 r21r22 of the main algorithm; and (2) convergence of the main

1 r31r32 5 0. We can write the three equations above in algorithm to a local minimum solution. Once again, conver-
terms of the rotation components of gence analysis is necessary due to a constraint set that is

not convex for both noncoplanar and coplanar cases. For
the sake of conciseness, we shall prove the convergenceb9T 5 Ffr11

t3

fr12

t3

fr21

t3

fr22

t3

ft1

t3

ft2

t3

r31

t3

r32

t3
G.

of the main algorithm for the noncoplanar case. An outline
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of the proof for the coplanar case is given at the end of be the sequence generated by the main algorithm. If x0 is
sufficiently close to x*, then hxkj converges to x*.Theorem 3 in the Appendix.

Proof. Proof given in the Appendix.LEMMA 3 (Extended). The main algorithm, in Step 2,
strictly reduces the objective functions F in (25) for the

5. EXPERIMENTAL RESULTSnoncoplanar case and F in (26) for the coplanar case.

Proof. Proof is similar to that for Lemma 3. In this section we shall test the proposed algorithms on
two sets of data: (1) synthetic data corrupted with known

LEMMA 6. The main algorithm, in Step 1, strictly reduces noise; and (2) real data obtained from a calibration setup.
the objective function F in (25) for the noncoplanar case. The accuracy of the algorithm is evaluated according to

square root of the mean square errors in both image com-Proof. Proof given in the Appendix.
ponents:

In the estimation of R and t with remaining parameters
held constant, the minimization of F in (27) with orthonor- Image Error (34)
mal R is equivalent to the maximization of tr(RB) (B de-
fined below). This can be seen as follows: Recall from Step 5 !1

NSONn51
s22

i (in 2 in(b, d, m))2 1 ON
n51

( jn 2 jn(b, d, m))2D,
1.1 in Section 4.1 that t 5 qv 2 Rp. From (27) we have

where (in , jn) are points measured from the image and
F(R, t, q, f ) 5 oN

n51 iqnvn 2 qvi2 1 tr(A) 2 2tr(RB), (in(b, d, m), jn(b, d, m)) are computed from calibration
parameters (b, d, m). The following analysis shows a rela-

where A 5 oN
n51(pn 2 p)(pn 2 p)T and B 5 oN

n51(pn 2 p) tion between this error and the objective function F in (7).
(qnvn 2 qv)T. Thus, minimization of F in (27) is equivalent Define cn 5 rT

3 pn 1 t3 , an 5 f (rT
1 pn 1 t1), an 5 f (rT

2 pn 1
to the maximization of tr(RB). Therefore, the solution t2),
for R that minimizes F in (27) is argmaxhtr(XB)j for all
orthonormal X. Furthermore, from the first-order neces-

(Image Error)2 5
1
N SON

n51
s22

i (in 2 in(b, d, m))2
sary conditions for the minimization of F in (27) under
constraints, we obtain (see [21] for details)

1 ON
n51

( jn 2 jn(b, d, m))2D
ART 1 RT L 5 B, where L 5 3

l1 l4 l6

l4 l2 l5

l6 l5 l3
4. (32) 5

1
N SON

n51
c22

n (incn 2 an)2

1 ON
n51

c22
n ( jncn 2 an)2D

Therefore, an orthonormal R that maximizes tr(RB) also
satisfies (32). Furthermore, from (32), the value for

# ON
n51

c22
n F(b, d, m)

tr(RB) is

5 On
n51

(rT
3 pn 1 t3)22F(b, d, m).tr(RB) 5 tr(RART 1 L) 5 tr(A 1 L). (33)

We can now prove the convergence of the main algo- Note that rT
3 pn 1 t3 is the distance of a point pn to the

rithm by extending Theorem 2 with the above results. Ob- camera center along the camera axis. Usually oN
n51(rT

3 pn 1
jective function F in (25) or (26) decreases in Step 2 as t3)22 is small. For example, oN

n51(rT
3 pn 1 t3)22 , 0.001 in

shown in Lemma 3 (extended). Furthermore, F in (25) our experiments with real data. Thus, (Image Error)2 #
decreases in Step 1 as shown in Lemma 6 for the noncopla- 0.001 F(b, d, m). Thus, a fraction of the objective function
nar case. Due to an unconstrained minimization of F in F in (7) is an upper bound of the image error. This fact is
(25) or (26) with b and d held constant in Step 3, we reduce corroborated by our experiments.
F in this step also. The following theorem describes the
convergence of the algorithm. 5.1. Experiments with Synthetic Data

The synthetic data are generated for both noncoplanarTHEOREM 3. Suppose that F in (25) has a strict local
minimum point x* 5 (b*, d*, m*). Let hxk 5 (bk , dk , mk)j and coplanar cases with a known set of extrinsic and intrin-
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sic camera parameters. First a 10 3 10 (i.e., N 5 100) grid straints (17). The results for h 5 1, 5, and 10 are shown
in Table 3.of points are generated to simulate the calibration target.

The (Xw , Yw) components of the calibration points are The results clearly show a significant improvement in all
parameters as well as the image error due to the proposeduniformly spaced in a rectangular grid within the range

(25, 15). For the noncoplanar case, the Zw component is algorithm for different noise levels. As expected, a higher
image error is seen for larger quantization noise denotedrandomly generated (uniform distribution) within the

range (25, 15). The rotation matrix R in (A1) is generated by h. Table 4 shows the image error against iterations of
the proposed algorithm. Different amounts of quantizationfrom Euler angles g 5 f 5 k 5 158. Translation vector t

is (0.5, 0.5, 214.0) and focal length f 5 300. Image coordi- noise show that the image error, although better compared
to the linear method, increases with increasing noise h.nates are obtained from the collinearity conditions, stated

in (1). Lens distortion is then added to this data according
to first- and second-order radial distortion models with

Coplanar Case
coefficients k1 5 1027 and k2 5 10214. Image center and
scale factor parameters are next added to the image with In the coplanar case, we estimated the calibration param-

eters with the proposed algorithm. We compared thesei0 5 5, j0 5 8, and si 5 0.8. Finally, an independent Gaussian
quantization noise is added to the image components. In results to those obtained from the linear method. Here

the linear method consists of just computing the extrinsicaccordance with [40], the variance of the added noise in i
and j image coordinates are f 22

i /12 and f 22/12, respectively. parameters b9 as shown in Section 3.2 in (15).
First an initial guess for scale factor si is obtained byThe reasoning behind these noise variances are briefly

given below. Different values of h in Tables 3, 4, and 5 approximately aligning the world coordinates (Xw , Yw)
with the camera coordinates (Xc , Yc), respectively, as dis-denote different multiples of this noise.

In accordance with [40], calibration accuracy can be de- cussed in Section 3.4. Scale factor si is obtained from
Ï2c0/d0 . For h 5 5, with g 5 f 5 k 5 18, we obtainedfined by projecting each pixel onto a plane that is orthogo-

nal to the optical axis and goes through the projected pixel si 5 0.800550, where the true value of s*i 5 0.8. We obtained
relative error usi 2 s*i u/us*i u 5 0.0006875. For g 5 f 5 k 5center on the calibration surface. The projection of the

pixel on this plane is a rectangle of size a 3 b with a in 58, we obtained si 5 0.803170, with usi 2 s*i u/us*i u 5 0.0039625.
By repeating this for (g, f, k) within the range [2108, 108],the I direction and b in the J direction. Uniform digitization

noise in a rectangle a 3 b has standard deviation e0 5 we obtained similar estimates for si .
Next, Lemmas 1 and 2 are used to obtain starting esti-Ï(a2 1 b2)/12 5 z2Ï( f 22

i 1 f 22)/12 at depth z. As per [40],
this positional inaccuracy is comparable to the normalized mates of image center. For h 5 5, g 5 608, f 5 k 5 18,

we obtained i0 5 4.840281 by using Lemma 1. The trueerror in image plane denoted by e and is defined as
value of i0 is 5.0, and the relative error is 0.031944. For
f 5 k 5 58, we obtained i0 5 4.389525 with a relative error

Normalized Image Error 5 e (35) of 0.060849. For h 5 5, g 5 k 5 18, and f 5 608 we
obtained j0 5 8.037316 by using Lemma 2. The true value

5!1
NSONn51

Sin 2 in(b, d, m)
fi

D2

1 ON
n51
Sjn 2 jn(b, d, m)

f D2D. of j0 is 8.0, and the relative error is 0.004665. For g 5
k 5 58, we obtained j0 5 8.713634 with a relative error of
0.089204. Thus, by approximately satisfying Lemmas 1 and
2, we obtained reliable starting estimates of i0 and j0 , re-We shall use the normalized image error e to evaluate the
spectively, which otherwise require complex computa-accuracy of all our algorithms.
tional methods.

For each parameter described above, an average of the
Noncoplanar Case

two values is chosen as the initial estimate. Thus, the initial
estimates for h 5 5 are si 5 0.801860, i0 5 4.768148, andThe proposed algorithm is applied to this noisy image

data and corresponding world points. Extrinsic parameters, j0 5 8.37548. Next, we generated data with g 5 f 5 k 5
158 and used the main algorithm for 20 iterations. A sec-focal length, image center, scale factor, and second-order

radial lens distortion parameters are computed. The initial- ond-order radial lens distortion model is fitted. The results
are given in Table 5.ization algorithm, followed by five iterations of the main

algorithm is used. These results are compared to those These results clearly show that all parameters are esti-
mated with greater accuracy by the proposed method whenobtained from the linear method described in Section 3.

The linear method consists of: (1) computing b̃ under the compared to the linear method. However, the overall esti-
mation accuracy for parameters is lower in comparison toconstraint ir3i2 5 1 (see Section 3.1) assuming lens distor-

tion d 5 0; and then (2) computing the image center and the noncoplanar case. This is expected, because a smaller
number of parameters are estimated and fewer constraintsscale factor parameters from the orthonormality con-
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TABLE 3
Errors in Parameters and Image Due to the Linear and Proposed Methods (Noncoplanar)

Linear Proposed Linear Proposed Linear Proposed
Parameters (h 5 1) (h 5 1) (h 5 5) (h 5 5) (h 5 10) (h 5 10)

ir1 2 r*1 i/ir*1 i 0.00130163 0.00001288 0.00137304 0.00002542 0.00153758 0.00007441
ir2 2 r*2 i/ir*2 i 0.00019631 0.00000522 0.00017492 0.00003419 0.00022877 0.00007260
ir3 2 r*3 i/ir*3 i 0.00131631 0.00001350 0.00148493 0.00004105 0.00174635 0.00010160
it 2 t*i/it*i 0.00117155 0.00002384 0.00125086 0.00014397 0.00153610 0.00031061
u f 2 f *u/u f *u 0.00081911 0.00002200 0.00082520 0.00014350 0.00100966 0.00030045
ui0 2 i*0 u/ui*0 u 0.05657449 0.00056567 0.05788677 0.00202255 0.06279373 0.00523871
u j0 2 j*0 u/u j*0 u 0.00353542 0.00016246 0.00377974 0.00099542 0.00552706 0.00201209
usi 2 s*i u/us*i u 0.00005129 0.00000139 0.00006083 0.00001226 0.00007275 0.00002601

id 2 d*i/id*i 0.00697193 0.02037457 0.02843441

Image error 0.03385128 0.00178726 0.03490645 0.00881193 0.03808799 0.01461288

m 0.00011293 0.00000596 0.00011644 0.00002936 0.00012704 0.00004869

Note. h 5 multiple of quantization noise units added to the image points.

TABLE 4
Image Errors for Iterations of the Proposed Method

h Linear meth. Init. Alg. Iter. 5 1 Iter. 5 2 Iter. 5 3 Iter. 5 4 Iter. 5 5

1 0.03463596 0.00206831 0.00179046 0.00178563 0.00178435 0.00178354 0.00178290
2 0.03491059 0.00369134 0.00351634 0.00351403 0.00351345 0.00351306 0.00351273
3 0.03527227 0.00540639 0.00525823 0.00525680 0.00525646 0.00525621 0.00525600
4 0.03571836 0.00714753 0.00700423 0.00700324 0.00700302 0.00700285 0.00700270
5 0.03624572 0.00889948 0.00875188 0.00875116 0.00875102 0.00875090 0.00875079

Note. Iterations 1–5 are for the Main Algorithm. h 5 multiple of quantization noise units added to the image points.

TABLE 5
Errors in Parameters and Image Due to the Linear and Proposed Methods (Coplanar)

Linear Proposed Linear Proposed Linear Proposed
Parameters (h 5 1) (h 5 1) (h 5 5) (h 5 5) (h 5 10) (h 5 10)

ir1 2 r*1 i/ir*1 i 0.23353182 0.00035990 0.23354564 0.00036719 0.23367292 0.00038140
ir2 2 r*2 i/ir*2 i 0.00545535 0.00055831 0.00546050 0.00058498 0.00546703 0.00061839
ir3 2 r*3 i/ir*3 i 0.01506598 0.00456795 0.01516991 0.00468768 0.01530110 0.00485197
it 2 t*i/it*i 0.03428311 0.00475897 0.03432293 0.00491331 0.03437303 0.00510839
u f 2 f *u/u f *u 0.02422284 0.00458828 0.02432405 0.00471164 0.02445051 0.00486651
ui0 2 i*0 u/ui*0 u 0.04601510 0.04858865 0.05155711
uj0 2 j*0 u/u j*0 u 0.04551644 0.04695227 0.04875117
usi 2 s*i u/us*i u 0.18899921 0.00000293 0.18898312 0.00000865 0.18896301 0.00001538

id 2 d*(i/id*i 0.01137128 0.05210049 0.10238679

Image error 0.03688418 0.00165670 0.03898028 0.00817535 0.04290334 0.01533643

m 0.00012600 0.00000555 0.00013317 0.00002738 0.00014660 0.00005112
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TABLE 6
Calibration Results for Real Data (Noncoplanar)

Parameters Linear method Proposed method

r1 0.9999482 0.0000020 20.0101782 0.9999501 0.0000290 20.0099916
r2 0.0001275 0.9999191 0.0127197 0.0000262 0.9999847 0.0055243
r3 0.0101774 20.0127203 0.9998673 0.0099916 20.0055243 0.9999348
t 5.0072589 26.3714880 2509.2793659 4.8876372 22.6923089 2507.3856448
f 4731.5257593 4724.5813533

i0 , j0 21.9558272 212.4401193 19.9538046 217.3227311
si 1.0007987 1.0005753

k1 , k2 1.0650 3 10207 24.6403 3 10213

p1 , p2 3.0800 3 10206 22.1293 3 10206

s1 , s2 1.1242 3 10206 25.6196 3 10207

Image error 0.24930409 0.14625769

m 0.00005269 0.00003096

can be imposed. However, the total image error is less with the synthetic data, image error has improved due to the
proposed method.the proposed method. The results also show an increase in

the image error due to higher quantization noise. As seen in In the coplanar case, the camera is first aligned accu-
rately so that the world coordinates (Xw , Yw) are approxi-Table 4, a similar pattern of image error against iterations is

obtained for the coplanar case. mately aligned with the camera coordinates (Xc , Yc), re-
spectively, by the method in Section 3.4. The calibration

5.2. Experiments with Real Data target is positioned so that it appeared centered with no
rotation and skew. The image processor that we used al-Real data is generated from test calibration points cre-
ready compensated for the aspect ratio. So the scale factorated by accurately placing a set of 25 dots in a square grid
is expected to be close to 1.0. We estimated si fromof 5 3 5 dots on a flat surface. The center to center distance
Ï2c0/d0 as 1.001084.between the dots is 7.875 mm. The diameter of each dot is

Next, Lemma 1 is used to estimate image center i0 . The3.875 mm. The calibration pattern is mounted on a custom-
calibration target is rotated approximately by 458 aroundmade calibration stand. The centroid pixel of each dot is
the Xw axis in the counterclockwise direction. We esti-obtained by image processing to subpixel accuracy. Al-
mated i0 5 6.912747 by using Lemma 1. In order to satisfythough we observed high lens distortion for wide-angle
Lemma 2, we rotated the calibration grid, from its initiallenses, we used a 35–70 mm zoom lens because of its
position, around the Yw axis by 458 in clockwise direction,frequent use in many applications and a depth of field that
and estimated j0 5 28.601255.can focus within a range of 0–60 mm. We used an off-the-

Next the grid is placed back to its inital settings (i.e.,shelf camera in a monoview setup. The camera resolution
the settings for the estimation of scale factor). In this posi-is 512 3 480 pixels and the digitizer gives digital images
tion, an image is acquired. With this image, the main algo-with 16 bits/pixel.
rithm is used for 20 iterations to estimate the parameters.For the noncoplanar calibration, we placed the calibra-
A second image in this position is acquired to test thetion target on a high precision stand that can move along
algorithm. The results for the coplanar case are summa-the Zw axis of world coordinates with high accuracy by
rized below. Note that the camera settings for the coplanarmeans of a micrometer screw. Each 3608 turn of the screw
case are different from the noncoplanar case. So the resultsmoves the target by 1 mm, and the positional accuracy is
are expected to be different.within 0.003 mm. The calibration target is positioned at

As seen before, the image error improved with the pro-three positions, z 5 0, z 5 220 mm, and z 5 240 mm.
posed method. However, note that the parameters com-Image points are extracted for all 25 dots in each location
puted by the nonlinear methods are far more consistentto obtain a total of 75 data points for calibration. A second
with the actual setup. For example, the linear method esti-image is acquired at all three of the above z locations
mates focal length f 5 713.95, whereas the nonlinearfor testing. Second-order radial and first-order decentering
method estimates f 5 3464.31 (see Table 7). In a similarand thin prism lens distortion models are used. The main
setup for the noncoplanar case, we obtained f 5 4724.58.algorithm is used for five iterations. The results for the

noncoplanar case are summarized in Table 6. As seen with Thus, the nonlinear estimate of focal length is more consis-
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TABLE 7
Calibration Results for Real Data (Coplanar)

Parameters Linear method Proposed method

r1 0.9992172 20.0000144 0.9996423 0.0000762
r2 0.0000175 0.9999982 0.0000371 0.9999910
r3 0.0016014 20.0019229 0.0267438 20.0042384
t 20.5774381 20.8354928 276.8508100 0.1626380 21.7551208 2371.4850635
f 713.9534937 3464.3130475

i0 , j0 6.9151391 28.6055953
si 1.0007821 0.9998891

k1 , k2 2.1772 3 10207 22.4362 3 10212

p1 , p2 23.0989 3 10206 21.1376 3 10206

s1 , s2 5.2088 3 10206 22.0617 3 10206

Image error 0.25422583 0.21395695

m 0.00035608 0.00006176

tent with the setup. This improvement in the parameters minimum value of the objective function is F(b*) 5 b*TAb*
5 l*b*TPb* 5 l*. nis reflected in the normalized image error, which is a lot

better for the nonlinear method.
Proofs for Lemmas 1 and 2. For each lemma we firstIn order to check the effects of the tangential lens distor-

need to prove that r33 ? 1. If r33 5 1 then r31 5 r32 5 0.tion model, we used just the radial model on the above
For Lemma 1, this implies r12r23 5 r11r23 5 0, which cannotdata and obtained a normalized image error of 0.00010177.
be true for r23 ? 0 and r13 5 0. The same result is obtainedThis is compared to 0.00006176 obtained above. The radial
for Lemma 2. The rest of the proof is straightforward fromdistortion parameters estimated are k1 5 2.2303 3 10207

(20) and (22). nand k2 5 22.5776 3 10212. Both these parameter values
are very close to the ones estimated above with tangential Rotation matrix R in terms of the Euler angles (g, f, k).
parameters. However, a larger value of normalized image
error shows that the decentering and thin prism distortion R 5
models are effective in reducing the net normalized image
error. Similar results are obtained by others [5, 14, 40].

3
cosfcosk singsinfcosk1cosgsink 2cosgsinfcosk1singsink

2cosfsink 2singsinfsink1cosgcosk cosgsinfsink1singcosk

sinf 2singcosf cosgcosf
4.

APPENDIX

Proof of Theorem 1. From (11), =bL(b, l) 5 0 gives (A1)
us Ab 5 lPb which implies Br3 5 lr3 . Since B is symmetric
and real, there exists r*3 [ R3 and l* [ R such that Proof for Lemma 3. From F in (8), at (k 1 1)th itera-
Br*3 5 l*r*3 . Since B is a Schur complement of A, A positive tion after Step 2, we have
definite implies B is positive definite, which implies l* .
0. Obtain b* from (14). For normalized r*3 , h(b*) 5 0.
It remains to prove (see [28]) that for all z ? 0 with F(bk11 , dk11) 5 ON

n51
(wT

nbk11 2 dT
k11snhT

nbk11)2

zT=bh(b*) 5 0, we have zT=2
bbL(b*, l*)z . 0.

From (11), zT=2
bbL(b*, l*)z 5 zT(A 2 l*P)z. If zTPz 5

1 ON
n51

(wT
nbk11 2 dT

k11snhT
nbk11)2

0 then zT=2
bbL(b*, l*)z 5 zTAz . 0, since A is positive

definite. If zTPz . 0, then zT=2
bbL(b*, l*)z 5 (zTPz)(zT

Az/zTPz 2 l*). Note that R(x) 5 xT Ax/xTPx is the Ray- 5 dT
k11Qk11dk11 2 2dT

k11ak11 1 bk11

leigh quotient of A relative to P. Thus, l* 5 minxTPx?0
5 dT

kQk11dk 2 2dT
kak11 1 bk11hxTAx/xTPxj, x [ R12, is the smallest eigenvalue of B. Since

B has a unique minimum eigenvalue, (zTAz/zTPz) . l* 1 dT
k11Qk11dk11 2 2dT

k11ak11
for all z ? 0 and z ? 6b*. Moreover, zT=bh(b*) 5 zTPb*

2 dT
kQk11dk 1 2dT

kak115 0 implies z ? 6b*, because if z 5 b* then zTPb* 5
b*TPb* 5 1, which is a contradiction. Thus, zT=2

bbL(b*, 5 F(bk11 , dk) 1 iZk11dk11
l*)z 5 (zTPz)(zTAz/zTPz 2 l*) . 0. Therefore, b* is the

2 ck11i2 2 iZk11dk 2 ck11i2.strict local minimum of F under bTPb 5 1. From (12), the
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In the above equations, matrix Qk11 5 oN
n51(hT

nbk11)2 We claim that there exists a subsequence hxkn
j of hxkj

such that xkn
R x*. To see this, suppose hxkj is bounded(snsT

n 1 snsT
n) is positive definite for M linearly independent

(sn , sn). Here M is the dimension of d, and ak11 5 away from x*. Note that x* is the unique minimum point
in S satisfying the first-order necessary conditions; that is,oN

n51hT
nbk11(snwT

n 1 snwT
n)bk11 is a M 3 1 nonzero vector.

Let Qk11 5 ZT
k11Zk11 be the Cholesky decomposition of there exists l* such that

Qk11 . Define ck11 5 Z2T
k11ak11 , where Z2T

k11 exists because
Qk11 is positive definite. Note, Zk11dk11 5 gk11 is the =lL(b*, d*, l*) 5 0,
least squared solution of dk11 in Step 2 making iZk11dk11

=bL(b*, d*, l*) 5 0,2 gk11i 5 0. Clearly, F(bk11 , dk11) , F(bk11 ,dk) for dk11

? dk . =dL(b*, d*, l*) 5 0,
Similar results as above can be obtained for the coplanar

case from F in (9). n where L is the Lagrange function for F in (8). Note that

Proof for Lemma 4. From F in (8), at (k 1 1)th itera-
=lL(bk , dk , lk11) 5 0,tion after Step 1 for the noncoplanar case, we have

=bL(bk , dk , lk11) 5 Akbk 2 lk11Pbk ,

F(bk11 , dk) 5 ON
n51

(wT
nbk11 2 dT

ksnhT
nbk11)2

=dL(bk11 , dk , lk11) 5 2ZT
k11(Zk11dk 2 ck11).

Since =lL, =bL, and =dL are continuous and (bk , dk) [ S,1 ON
n5 1

(wT
nbk11 2 dT

k snhT
nbk11)2

we have that =bL(bk , dk , lk11) and =dL(bk , dk , lk11)
are bounded away from 0. Therefore, it is clear that

5 bT
k11Akbk11 5 bT

kAkbk iZk11dk 2 gk11i2 is bounded away from 0. Moreover, since
bk in the sequence satisfies bT

kPbk 5 1, we see that1 bT
k11Akbk11 2 bT

kAkbk
bT

kAkbk 2 lk11 is also bounded away from 0. Hence, zk 5
5 F(bk , dk) 1 bT

k11Akbk11 2 bT
kAkbk . bT

kAkbk 2 lk11 1 iZk11dk 2 ck11i2 is bounded away from 0,
which contradicts the fact that zk R 0, proving our claim.

Here Ak 5 oN
n51qnqT

n 1 oN
n51qnqT

n (qn 5 wn 2dT
ksnhn and Since F is continuous, F(xkn

) R F(x*), which implies
qn 5 wn 2 dT

k snhn) is assumed positive definite and lk11 5 F* 5 F(x*). Hence, F(xk) R F(x*), which in turn implies
bk11Akbk11 . 0. Since lk11 5 minbT

k11Pbk1151hbT
k11Akbk11j, we that xk R x*, since x* is the unique local minimum of F

have lk11 5 bT
k11Akbk11 # bT

kAkbk for all bk11 ? bk and on S. n
bT

kPbk 5 1. Thus, F(bk11 , dk) # F(bk , dk). If Bk (see (13))
has a unique minimum eigenvalue then bT

k11Akbk11 ,
P 5 ON

n51
anaT

n 1 ON
n51

anaT
n, Q 5 ON

n51
qT

nbBn 1 ON
n51

qT
nbBn ,bT

kAkbk for all bk11 ? bk which implies F(bk11 , dk) ,
F(bk , dk). n

Proof for Theorem 2. We shall prove the theorem for where an 5 3 qn

2hT
nbsn4, Bn 5 3 0 hnsT

n

snhT
n 0 4,

(A2)
the noncoplanar case. It can be easily extended to the
coplanar case. From Lemmas 3 and 4, we have for F in
(8) for the noncoplanar case:

an 5 3 qn

2hT
nbsn4, Bn 5 3 0 hnsT

n

snhT
n 0 4,

F(bk11 , dk11) , F(bk11 , dk) # F(bk , dk)

for all k and dk11 ? dk . qn 5 (wn 2 dTsnhn), qn 5 (wn 2 dTsnhn).

Furthermore, F(xk11) 5 F(xk) 2 zk , where zk 5 (iZk11dk Proof of Lemma 6. Recall from Section 4, that the
2 ck11i2 1 bT

kAkbk 2 lk11) and zk . 0. Clearly, F(xk11) , estimation of b with d and m held constant for the nonco-
F(xk) and F(xk11) $ 0 implies that there exists F* , y, planar case consists of three steps and iterations between
such that F(xk) converges to F*. Furthermore, F(xk) 5 them. However, for notational simplicity, we shall consider

a single iteration of these three steps for this convergenceF(x0) 2 ok21
i50 zi . Since F(xk) R F*, oy

i50zi , y which implies
that zk R 0 as k R y. analysis. Therefore, iteration index k used in this lemma,

refers to the iteration of the main algorithm.Assume that x0 is sufficiently close to x* such that S 5
hx 5 (b, d): F(x) # F(x0) and bTPb 5 1j is compact, and At (k 1 1)th iteration after Step 1.1, for the estimation

of R with f with qT 5 [qn , n 5 1, . . . , N] held constant,F is uniquely minimized on S by x*. By the above, we have
that hxkj , S. we have for F in (27):
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F(Rk11 , tk11 , qk , fk) F(Rk11 , tk11 , qk11 , fk) 5 F(Rk11 , tk11 , qk , fk)

5 ON
n51

iqn,kvn,k 2 (Rk11pn 1 t
k11

)i2
2 ON

n51
ivn,ki2Sqn,k 2

(Rk11pn 1 tk11)Tvn,k

ivn,ki2 D2

.

with RT
k11Rk11 5 RT

kRk 5 I3 .
Clearly, F strictly decreases for qk ? qk11 .

Similarly, at (k 1 1)th iteration after Step 1.3 for theRecall from Section 4.1 that tk11 5 qvk, 2Rk11p, where
estimation of focal length f with q, R, and t held constant,qvk and p are the averages of qn,kvn,k and pn , respectively,
we have for F in (25):over all n 5 1, . . . , N. Therefore,

F(Rk11 , tk11 , qk , fk) 5 F(Rk , tk , qk , fk)
F(Rk11 , tk11 , qk11 , fk11) 5 F(Rk11 , tk11 , qk11 , fk) 1 fk11 S 1

fk11
2 2 ON

n51
[(qn,kvn,k 2 qvk)TRk11

2
ck11

fk11
D2

2 fk11S1
fk

2
ck11

fk11
D2

,
(pn 2 p) 2 (qn,kvn,k 2 qvk)TRk

(pn 2 p)] 5 F(Rk , tk , qk , fk)
where fk11 5 oN

n51 q2
n,k11(i2

n 1 j2
n) and ck11 5 oN

n51 qn,k11
2 2tr(Rk11Bk 2 RkBk),

(rT
1,k11pn 1 t1,k11)in 1 oN

n51 qn,k11(rT
2,k11pn 1 t2,k11)jn . Solve

for fk11 from fk11 5 fk11/ck11 and obtain
where Bk 5 ON

n51
(pn 2 p)(qn,kvn,k 2 qvk)T.

F(Rk11 , tk11 , qk11 , fk11) 5 F(Rk11 , tk11 , qk11 , fk)
Rotation matrix Rk11 can be estimated by several meth-

ods [2, 21, 18], all of which lead to the same solution. It is 2 fk11 S1
fk

2
ck11

fk11
D2

.
well known that Rk11 5 argmax tr(XBk), for all orthonor-
mal X. The solution for Rk11 is obtained from the SVD of
Bk , which is Bk 5 UkDkVT

k . We obtain Rk11 5 VkUT
k . Since Clearly, F strictly decreases for fk ? fk11 . From the above

this solution guarantees that the tr(Rk11Bk) is maximum expressions, we have
for all possible choices of orthonormal Rk11 , we have
tr(Rk11Bk 2 RkBk) $ 0. Therefore, F(Rk11 , tk11 , qk , fk) #
F(Rk , tk , qk , fk). Furthermore, from (32) and (33) F(Rk11 , tk11 , qk , fk11) , F(Rk11 , tk11 , qk11 , fk)

, F(Rk11 , tk11 , qk , fk)
tr(Rk11Bk 2 RkBk) 5 tr(A 1 Lk11 2 RkBk).

# F(Rk , tk , qk , fk),

Thus, F(Rk11 , tk11 , qk , fk) 5 F(Rk , tk , qk , fk) 2
2tr(A 1 Lk11 2 RkBk). for qk ? qk11 and fk ? fk11 . Thus, F in (25) strictly decreases

In (25), note that vT
n,k 5 ([in/fk) ( jn/fk) 1]. At (k 1 1)th for the overall estimation of b with d and m held con-

iteration after Step 1.2, for the estimation of depth qT
k 5 stant. n

[qn,k , n 5 1, . . . , N] with R, t, and f held constant, we have
Proof of Theorem 3. We shall prove the convergencefor F in (25):

of the main algorithm for the noncoplanar case. An outline
of the convergence for the coplanar case is given at the

F(Rk11 , tk11 , qk11 , fk) 5 F(Rk11 , tk11 , qk , fk) end. From Lemmas 3 (extended) and 6, we have for F in
(25) for the noncoplanar case:

1 ON
n51

ivn,ki2Sqn,k11 2
(Rk11pn 1 tk11)Tvn,k

ivn,ki2 D2

F(bk11 , dk11 , mk11) # F(bk11 , dk11 , mk)
2 ON

n51
ivn,ki2Sqn,k 2

(Rk11pn 1 tk11)Tvn,k

ivn,ki2 D2

. , F(bk11 , dk , mk) , F(bk , dk , mk)

for all k, dk11 ? dk and bk11 ? bk . Furthermore, F(xk11)Solve for qn,k11 from qn,k11 5 (Rk11pn 1 tk11)Tvn,k/ivn,ki2,
for n 5 1, . . . , N, and obtain 5 F(xk) 2 zk with zk . 0, where
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