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Abstract. One natural constraint in the sponsored search advertfisingework arises from the fact that there is
a limit on the number of available slots, especially for tlpydar keywords, and as a result, a significant pool of
advertisers are left out. We study the emergence of diveasifin in the adword market triggered by such capacity
constraints in the sense that new market mechanisms, asasyetlew for-profit agents are likely to emerge to
combat or to make profit from the opportunities created bytslges in ad-space inventory. We propose a model
where the additional capacity is provided by for-profit aggor, mediators), who compete for slots in the original
auction, draw traffic, and run their own sub-auctions. Thaliguof the additional capacity provided by a mediator
is measured by ittnessfactor. We compute revenues and payoffs for all the diffepamties at aymmetric Nash
equilibrium(SNE) when the mediator-based model is operated by a mesrhamirrently being used by Google and
Yahoo!, and then compare these numbers with those obtairedoaresponding SNE for the same mechanism, but
without any mediators involved in the auctions. Such caliboihs allow us to determine the value of the additional
capacity. Our results show that the revenue of the auctipasewell as the social value (i.e. efficiency ), always
increase when mediators are involved; moreover even theffisayf all the bidders will increase if the mediator has
a high enough fitness. Thus, our analysis indicates thag trer significant opportunities for diversification in the
internet economy and we should expect it to continue to devether structure, with room for different types of
agents and mechanisms to coexist.

1 Introduction

Sponsored search advertising is a significant growth mariets witnessing rapid growth and evolution. The analysis
of the underlying models has so far primarily focused on ttenario, where advertisers/bidders interact directhwit
the auctioneers, i.e., the Search Engines and publishevge¥ér, the market is already witnessing the spontaneous
emergence of several categories of companies who are tyimgdiate or facilitate the auction process. For example,
a number of different AdNetworks have started prolifergtiand so have companies who specialize in reselling ad
inventories. Hence, there is a need for analyzing the impiastich incentive driven and for-profit agents, especially
as they become more sophisticated in playing the game. Ipréfgent work, our focus is on the emergence of market
mechanisms and for-profit agents motivated by capacitytcainsinherent to the present models.

For instance, one natural constraint comes from the fadttheae is a limit on the number of slots available
for putting ads, especially for the popular keywords, andgaificant pool of advertisers are left out due to this
capacity constraint. We ask whether there are sustainabtkaiconstructs and mechanisms, where new players
interact with the existing auction mechanisms to increls®verall capacity. In particular, lead-generation conigs
who bid for keywords, draw traffic from search pages and tleelirect such traffic to service/product providers, have
spontaneously emerged. However, the incentive and egailivoperties of paid-search auctions in the presence of
such profit-driven players have not been explored. We iiy&st key questions, including what happens to the overall
revenue of the auctioneers when such mediators participhte is the payoff of a mediator and how does it dependent
on her quality, how are the payoffs of the bidders affected, ia there an overall value that is generated by such
mechanisms.

Formally, in the current models, there dkeslots to be allocated amonyg (> K) bidders (i.e. the advertisers).

A bidderi has a true valuation; (known only to the biddef) for the specific keyword and she bibtls The expected
click through rate(CTR) of an ad put by bidderwhen allocated slot has the formy;e; i.e. separable in to a position
effect and an advertiser effeet;'s can be interpreted as the probability that an ad will bécedtwhen put in sloy
and itis assumed that > vo > -+ > vx > Yxk4+1 = Yx+2 = ...y~ = 0. ¢; can be interpreted as the probability
that an ad put by biddeémwill be clicked on if noticed and is refered as ttedevanceof bidderi. The payoff/utility of
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bidderi when given sloj at a price ofp per click is given bye;~,(v; — p) and they are assumed to be rational agents
trying to maximize their payoffs. As of now, Google as wellvahoo! uses schemes closely modeled as RBR(rank by
revenue) with GSP(generalized second pricing). The bglaier ranked according tgu; and the slots are allocated as
per this ranks. For simplicity of notation, assume thatithdidder is the one allocated skodccording to this ranking
rule, then: is charged an amount equali@M Formal analysis of such sponsored search advertising Irhade
been done extensively in recent years, from algorithmicelsas from game theoretic perspective[2,6, 3,1,7, 4, 5].

In the following section, we propose and study a model wingted additional capacity is provided by a for-profit
agent who competes for a slot in the original auction, draaffi¢t and runs its own sub-auction for the added slots. We
discuss the cost or the value of capacity by analyzing thagda the revenues due to added capacity as compared to
the ones without added capacity.

2 The Model

In this section, we discuss our model motivated by the c&pacnstraint, which can be formally described as follows:

— Primary Auction (p-auction) : Mediators participate in the original auction run by thershaengine (called
p-auctior) and compete with advertisers for slots (calgtary slotd. For theith agent (an advertiser or a medi-
ator), letv? andb? denote her true valuation and the bid for ghauction respectively. Further, let us denofe?
by s¥ wheree! is the relevance score dh agent forp-auction. Let there are mediators and there indices are
My, Ms, ..., M, respectively.

— Secondary auctions {-auctions):

e Secondary slotsSuppose that in the primary auction, the slots assignectotdiators arg, I, . . ., [, re-
spectively, then effectively, the additional slots areaiid by forking thesprimary slotsnto L, Lo, . .., Ly
additional slots respectively, whelfg < K forall: = 1,2,..., . By forking we mean the following: on

the associated landing page the mediator puts some inframra&ievant to the specific keyword associated
with thep-auction along with the space for additional slots. Let Ukthase additional slots aecondary slots

e Properties of secondary slots anditnessof the mediators: For theith mediator, there will be a probability
associated with her ad to be clicked if noticed, which is albyuher relevence scoreﬁh and the position
based CTRs might actually improve say by a factonpfThis means that the position based CTR for tie
secondary slot ofth mediator in modeled as;v; for 1 < j < L; and0 otherwise. Therefore, we can define
afitnessf; for theith mediator, which is equal tdj{ «;. Thus corresponding to thigh primary slot (the one
being forked by théth mediator), theeffectiveposition based CTR for thgth secondary slot obtained4s ;
where

< _ '7lifi’7j forj:1,2,...,Li,
Vig = {O otherwise. )

Note thatf;v; < 1, howeverf; could be greater thah

e s-auctions: Mediators run their individual sub-auctions (calleductiong for the secondary slots provided
by them. For an advertiser there is another type of valuataomd bids, the ones associated witauctions.
For theith agent, let] ; andb; ; denote her true valuation and the bid for thauction of jth mediator re-
spectively. In general the two types of valuations or bmisesponding tp-auction and the-auctions might
differ a lot. We also assume that; = 0 andb; ; = 0 wheneveri is a mediator. Further, for the advertisers
who do not participate in one auctigséuction ors-auction), the corresponding true valuation and the bid are
assumed to be zero. Also, for notational convenience leenstdu; ;e: ; by s; ; wheree; ; is the relevance
score ofith agent for thes-auction ofjth mediator.

e Payment models fors-auctions: Mediators could sell their secondary slots by impressid®MR, by pay-
per-click (PPC) or pay-per-conversion(PPA). In the foliogvanalysis, we consider PPC.

— Freedom of participation: Advertisers are free to bid for primary as well as secondiatg.s



— True valuations of the mediators: The true valuation of the mediators are derived from the etgquerevenue
(total payments from advertisers) they obtain from theesponding-auctions ex ante

3 Bid Profiles at SNE

For simplicity, let us assume participation of a single raéali and the analysis involving several mediators can be
done in a similar fashion. For notational convenience let

f = f1, the fitness of the mediator
[ = 11, the position of the primary slot assigned to the mediator
L = L1, the number of secondary slots provided by the mediator irstaarction
M = M, the index of the mediator i.d/th agent is the mediator
¥ = ",5, is theeffectiveposition based CTR of thith secondary slot provided by the mediator
v, = v}, is the true valuation of the agenfor the s-auction

;1 = b;, is the bid of the agentfor the s-auction, and
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s;1 = s; = vje;, wheree] = e;, is the relevance score éh agent for thes-auction

The p-auction as well as the-auction is done vi&RBRwith GSR i.e. the mechanism currently being used by
Google and Yahoo!, and the solution concept we uSyimmmetric Nash Equilibria(SNE) 7]. Suppose the allocations
for the p-auction ands-auction arer : {1,2,...,N} — {1,2,...,N}and7r : {1,2,....N} — {1,2,...,N}
respectively. Then the payoff of thith agent from the combined auctignéuction ands-auction together) is

S_

Ui = Vo—1(5) (Sf - Tg—l(i)ﬂ) + Y1) (51 Tifl(i)ﬂtl)
where

D __ 1P vy
"5 = Uy Co0)
5 = b2()€r)-

From the mathematical structure of payoffs and strategieiadle to the bidders wherein two different uncorrelated
values can be reported as bids in the two types of auctiorpemtiently of each otheiit is clear that the equilibrium
of the combined auction game is the one obtained from thdiledaiof the p-auction game and theauction game
each played in isolation. In particular@NHz2, 7],

K
ViTo, = Z('yj - ’Yj+1)5§(j+1) foralli =1,2,...,K
Jj=1
and
L
Firser = Y (% — Yir1)sin foralli=1,2,... L
Jj=t
which implies that (see Eq. (1))
L—-1
’}/iT'Z-S+1 = Z(’}/J — ’}/jJrl)Sf.(jJrl) + ’YLS;S.(LJrl) foralli = 1, 2, ey L
j=i

! This way of deriving the true valuation for the mediator iagenable for the mediator can participate in ph@uction several
times and run her correspondingauction and can estimate the revenue she is deriving frem-guction.
2 This assumption was motivated by some empirical exampies @oogle Adword.



where

L L—-1
Si(l) =shy = fZ%‘TJS‘H =f Z(%‘ - 7j+1)jsi(j+1) + ’YLLSf-(LJrl)
j=1 j=1

is the true valuation of the mediator multiplied by her relege score as per our definitfprwhich is the expected
revenue she derives from heauctionex antegiven a slot in the-auction and therefore the mediator’s payoff at SNE
is

L—-1 K
unt = | D = %e)dsi gy F LS ey | = D = %)k
Jj=1 j=l

4 Revenue of the Auctioneer

In this section, we discuss the change in the revenue of tb&oaeer due to the involvement of the mediator. The
revenue of the auctioneer with the participation of the ratedtiis

K K
= ZW?H = 2(7 = %+1)I 5 41)
j=1

j=1

and similarly, the revenue of the auctioneer without theigpiaation of the mediator is
Ro = Y2501 (v; = 7j+1)d% ;41) Wheres (j) = o(j) for j < landa(j) = o(j + 1) for j > I

-2
:ijl( 'YJ+1)JS (j+1) +ZJ 1— 1(7 73+1)J50(J+2)

Therefore,
K
R— Ry = Z ('Yj - ’Yj+1)j(55(j+1) - 55(j+2))
j=maz{1, l—l}
> 0 ass” (i) = U(i+1)W: 1,2,..., K +1atSNE

Thus revenue of the auctioneer always increases by thevewant of the mediator. As we can note from the
above expression, smaller thbetter the improvement in the revenue of the auctioneem$are a smaller value of
the mediator’s valuation which is the expected paymentsstiobtains from the-auction should be better, therefore
fitness factorf should be very good. There is another way to improve her taligation. The mediator could actually
run many subauctions related to the specific keyword in ¢presthis can be done as follows: besides providing the
additional slots on the landing page, the information sectif the page could contain links to other pages wherein
further additional slots associated with a related keyveonald be provided#l With this variation of the model, a better
value of could possibly be ensured leading to a win-win situatioref@ryone.

Theorem 1 Increasing the capacity via mediator improves the reverfaiotioneer.

5 Efficiency

Now let us turn our attention to the change in the efficienayaswe will prove below, the efficiency always improves
by the participation of the mediator.

3 For example, the keyword “personal loans” or “easy loans! #we mediator “personalloans.com”.



K -1 K
Eo=7 7ish) = D ishiy + D Vish() and
=1 =1 =l

-1 K L
E=7% yishoy + > vishiy +uf D usig)
j=1

j=l+1 j=1
L K
S E=Ey=mf Y sty — D= vie)shp
j=1 1
L
=nf st — Wi
j=1
>0
L L
aSWfZVij—(j) > VIfZVjTJS‘-H = ’YlSi(l) > ’Yﬂ’f_,_l atSNE.
j=1 j=1

Theorem 2 Increasing the capacity via mediator improves the effigienc

6 Advertisers’ Payoffs

Clearly, for the newly accommodated advertisers, thatdsoties who lost in thg-auction but win a slot iB-auction,

the payoffs increase from zero to a postitive number. Nowsesee where do these improvements in the revenue of
the auctioneer, in payoffs of newly accommodated advestjisad in the efficiency come from? Only thing left to look
at is the change in the payoffs for the advertisers who aaifyirwon in thep-auction, that is the winners when there
was no mediator. The new payoff fgth ranked advertiser ip-auction is

K
Uo(j) = ViSa(s) ~ > (- Vit )So(ir1) T Us(j)

i=j
where
Ug() = NFVr=100() (SZ@ - Ti—1<o<j>>+1)
is her payoff from thes-auction. Also, forj <[ — 1, her payoff when there was no mediator is
W) = 50 ~ Loamy (%~ Yer)Sh ey
-2 K

= ’Yjsfr(j) = 2im (i — ’Yi+1)55(i+1) = ima (i - 7i+1)5g(i+2)-

s K
S Uo(h) — ug(j) =Us) — Dimioa (i — ’Yi+1)(55(i+1) - 5g(i+2))

Similarly, forj > [ 4+ 1, her payoff when there was no mediator is

K
Ug(j) = %‘—18'2(]-) =iz (i — %‘+1)55(i+2)

. _ s K
S Ua(g) T ug(j) = Uy — Dijo(vi— %‘+1)(8§(i+1) — s{,’(m))
Therefore, in general we have,

K

0 s
Uo(5) — Ug(j) = Uo(j) — E : (vi = ’YiJFl)(Sg(iJrl) - 5g(i+2))-
i=mazx{l—1,7—1}



Thus, for the]th ranked winning advertiser from the auction without médig the revenue from thg-auction
decreases by " maz{i—1,j—13 (Vi — Yi+1) (s, o(it1) — 5o HZE ) and she faces a loss unless compensated for by her
payoffs in s-auction. Further, this payoff loss will be visible only toet advertisers who joined the auction game
before the mediator and they are likely to participate in gksuction so as to make up for this loss. Thus, via the
mediator, a part of the payoffs of the originally winning adisers essentially gets distributed among the newly
accommodated advertisers. However, when the mediatoreshtfactorf is very good, it might be a win-win situation
for everyone. Depending on how good the fitness fatisy sometimes the payoff from theauction might be enough
to compensate for any loss by accommodating new advertlsetras consider an extreme situation when- K and
7 = ¢. Thegainin payoff for the advertises () is

K

VIfZ —Yit1)( So(j) — Sfy(iﬂ)) - Z (i — 'Vi+1)(55(i+1) - Si(z‘+2))

i=max{l—1,7—1}
Therefore as long as
K
Zi:maz{lfl,jfl}(/yi - %'+1)(55(i+1) B Sg(z‘+2))
K s s
Vi Zi:j (vi — %‘+1)(30(j) - Sa(i+l))

the advertises (j) faces no net loss in payoff and might actually gain.

[z

7 Concluding Remarks

In the present work, we have studied the emergence of diiatsdn in the adword market triggered by the inherent
capacity constraint. We proposed and analyzed a model veldielifonal capacity is created by a for-profit agent who
compete for a slot in the original auction, draws traffic amdsrits own sub-auction. Our study potentially indicate a
3-fold diversification in the adword market in terms of (i) tamergence of new market mechanisms, (ii) emergence
of new for-profit agents, and (iii) involvement of a wider pobadvertisers. Therefore, we should expect the internet
economy to continue to develop richer structure, with roondifferent types of agents and mechanisms to coexist.
In particular, capacity constraints motivates the studystfanother model where the additional capacity is creaged b
the search engine itself, essentially acting as a medigtlf and running a single combined auction. This study will
be presented in an extended version of the present work.
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