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Abstract- W e  employ results from the theory of rational 

approximation to obtain almost tight lower bounds on the 

size (i.e. number  of gates) of threshold circuits that com- 

pute  symmetric Boolean functions. In particular, we prove 

tha t  any depth-3 threshold circuit computing an arbitrary 

symmetric function of n variables must have R(J;illog2n) 

number of gates. We then generalize this result and show 

that  any depth-(d+l)  threshold circuit computing the PAR- 

ITY function and  the  Complete Quadratic (CQ) function 

has size at least R(dn'ld/lo2n). To show tha t  these lower 

bounds a re  almost tight, we construct threshold circuits of 

depth 3 and size O ( m  tha t  compute arbitrary symmet- 

ric functions of n variables, and threshold circuits of depth 

( d + l )  and size O(dnlld) tha t  compute the PARITY and the 

CQ functions. We also derive almost tight lower bounds on 

the  size of depth-d threshold circuits tha t  approrunate the  

PARITY function. Furthermore, using results f rom har- 

monic analysis of threshold functions. we prove tha t  for 

depth-2 circuits, R(n/Iog2 n)  threshold gates are  still needed 

to  compute the  C Q  function even if we allow in the first 

layer additional polynomially many gates that  have spursr  

polynomial apptortmattons. (e.g. AND, OR, COMPARISON. 

ADDITION). Finally, we indicate how these result> can be 

extended to  higher depth circuits when additional gates that  

have low degree polynomtal apprortmaitons are  allowed. 

Summary 

In this paper, we employ analytical tools from the theory of 
rational approximation to obtain lower bounds on the size 
of threshold circuits that  compute the PARITY function 
and the Complete Quadratic (CQ) function. We also give 
an almost matching upper bound for these two functions. 

Thomas Kailath 

A central idea of our lower bound proof is the use of 
a result from the theory of rational approximation. This 
result allows us  to approximate several layers of threshold 
gat,es by a rational function of low degree when the size of 
the circuit is small. Then by upper bounding the degree of 
the rational function that approximates the PARITY and 
the CQ functions, we give a lower bound on the size of the 
circuit. We also show an almost matching upper bound 
on the size of the circuits computing the PARITY and the 
CQ functions. 

In addition, we consider threshold circuits that approx- 
zmnle the PARITY and the CQ functions when we have 
raiidom inputs which are uniformly distributed. We derive 
almost tight upper and lower bounds on the size of the 
approximating threshold circuits. 

We also consider circuits in which additional gates other 
than the threshold gates are allowed. For this purpose, we 
int.roduce tools from harmonic analysis of Boolean func- 
tions. \Ye define a class of functions called such that 
every function in % can be closely approximated by a 
sparse polynomial for all inputs. For example, the class S P  
conthins functions AND, OR, COMPARISON and ADDI- 
TION. We prove that for depth-2 circuits computing the 
CQ function, Q(n/  log' n )  threshold gates are still needed 
even if we allow in the first layer additional polynomially 
many S'P gates. Finally, we indicate how these results 
can be extended to higher depth circuits when additional 
gates that have low degree polyiionizal approxiinatioris are 
allowed, and show that the AND, OR functions cannot be 
approximated by low degree polynomials. 
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