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Depth-Size Tradeoffs for Neural Computation 
Kai-Yeung Siu, Vwani P. Roychowdhury, and Thomas Kailath, Fellow, IEEE 

Abstruct-We study the tradeoffs between the depth (i.e., the 
time for parallel computation) and the size (i.e., the number of 
threshold gates) in neural networks. This is an important issue 
in neural computation but far h m  being resolved in general. 
In this paper, we focus our study on the neural computations 
of symmetric Boolean functions and some arithmetic functions. 
We show that for these functions, a small increase in the depth 
can significantly decrease the size required in the network. In 
particular, we show that any symmetric Boolean function (in 
n variables) can be computed with O(fi) threshold gates 
in a depth-3 network while the best known result required O(n) 
threshold gates in a depth-2 network; moreover, our depth-3 
network is almost optimal in the number of threshold gates 
and has the minimum size among all the known constructions 
even if unbounded depth networks are considered. This result 
answem an open question first posed in 1%1 by Kautz [lo]. Our 
novel results about implementing symmetric functions can be also 
used to improve results about arbitrary Boolean functions. In 
particular, we show that any Boolean function can be computed 
in a depth-3 neural network with O(2n/2) threshold gates; we 
also prove that at least n(2”l3) threshold gates are required 
by using a result due to Shannon. Similar tradeoffs are also 
shown for functions such as MULTIPLE SUM, mDITION, and 
COMPARISON. 

Index Terms-Arithmetic functions, depth-size tradeoffs, ueu- 
ral networks, symmetric Boolean functions, threshold circuits. 

I. INTRODUCTION 
N artificial neural network, or simply neural network, A is now commonly accepted as a general term for any 

computing architecture that consists of massively parallel in- 
terconnection of simple processing units. The initial inspiration 
for such networks was derived from the biological structure of 
our brains. The motivation comes mainly from the fact that the 
human brains seem so much more efficient than the existing 
digital computers in visual processing and speech recognition. 
It is therefore believed that there must be some underlying 
computational principles of the brains differing from those of 
digital computers. 

Neurobiologists and psychologists have been for many 
years studying the brain from different points of view and 
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trying to understand how our brain works. Much of their 
work is of a qualitative nature. The mathematical study of 
neural networks began more than 30 years ago when Rosen- 
blatt proposed a model, called the “perceptron,” that is an 
idealization of each neuron in our brain. He also invented 
a simple “learning” algorithm for the perceptron. However, 
as is well known, the perceptron had various limitations 
that were thoroughly investigated in the 1960’s and many 
negative results were found. Nevertheless, it is also known 
that many of these limitations do not apply when we consider 
a network of artificial neural elements. Recently, interest in 
the study of neural networks has resurged because advances 
in VLSI technology have made possible the implementation 
of a massively interconnected network of artificial neural 
elements, and in many applications, neural networks seem 
to outperform the traditional methods. While neural networks 
have found wide application in many areas, the capability and 
the limitation of such networks are far from being understood. 
Undoubtedly, any significant progress in the application of 
neural networks requires a deeper understanding of their 
fundamental computational properties. 

One common model of neural networks is the feedforward 
multilayer network in which the basic processing unit is a lin- 
ear threshold gate. A linear threshold gate computes a Boolean 
function f ( X )  of its input variables X = (x1,...,zn) such 
that 

where 
n 

F ( X )  = CWi ‘xi +WO.  

i=l 

In some literature on neural networks, each of the input 
variables and outputs of the linear threshold gates is encoded 
as { 1, -1) instead of { 1 , O ) .  These two representations are 
equivalent and a choice is made based on convenience. For 
example, the { 1, -1) encoding can be converted to the {1,0) 
encoding by the affine transformation z + (z + 1)/2. Thus, 
given a neural network encoded in the { 1, - 1) representation, 
there is an equivalent neural network with the same size and 
depth (to be defined below). In our analysis, we find it natural 
and more convenient to adopt the { 1,O) convention. 

A feedforward network is a network of interconnected 
functional elements E G: { l ,O}.l + { 1,O) with no feedback. 
More formally, we define a feedforward network to be an 
acyclic labeled directed graph, with 

1) a list of nin distinguished input nodes with indegree 0. 
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2) internal nodes with arbitrary indegree, each of which 

3) a list of n,,t distinguished output nodes. 
represents a functional gate E G. 

The depth of a node is defined to be the length of the longest 
path (each edge is a unit length) from the input nodes to 
that node. The depth of the network is defined to be the 
maximum depth of all output nodes. If we group all gates 
with the same depth together, we can consider the network 
to be arranged in layers, where the depth of the network is 
equal to the number of layers (excluding the input layer) in 
the network, and gates of the same layer are computed in 
parallel. Given an assignment of the input nodes from domain 
{ 1, O}nin,  the value of the network at each output node is 
obtained by evaluation of the gates in increasing depth order. 
The network therefore defines a mapping from { 1, O}nin to 
{ 1, O}nout  , and the depth of the network can be interpreted as 
the time for parallel execution of the mapping. The size of the 
network is the number of gates and it measures the required 
amount of hardware. 

We define a neural network to be a feedforward network 
of linear threshold gates. Similarly, a logic circuit is a feed- 
forward network of AND, OR, NOT logic gates. Obviously, any 
Boolean function can be computed by a logic circuit (without 
any restriction on its size) and thus by a neural network, 
since AND, OR, NOT functional gates can be realized by linear 
threshold gates. 

It is well known that threshold gates are much more 
powerful than unbounded fan-in AND, OR, NOT logic gates. 
While no logic circuit with polynomial (in n) number (i.e., 
ne) of unbounded fan-in AND, OR, NOT gates can compute 
simple symmetric function such as the parity of n variables 
in constant depth [7], it only takes a depth-2 neural network 
of O(n) threshold gates to compute any symmetric function 
[15], [13], [8]. These results were further extended in [5], [17], 
[l], [19] and by showing that functions such as multiplication, 
division, and sorting can be computed by “constant”-depth 
neural networks but require R(1og n/ log log n)  depth in any 
polynomial size logic circuit. However, the resulting “con- 
stants’’ in these networks are comparable to O(1ogn) for 
moderately large n. These results were improved in [24], 
[23], and [26] by giving depth-efficient neural networks for 
computing multiple addition, multiplication, and sorting. In 
particular, it was shown that multiple addition can be computed 
in depth 3, multiplication and sorting in depth-4 [24], [23], and 
division and exponentiation in depth-5 [26], with polynomial 
number of threshold gates. These results have the following 
implication on their practical significance: Suppose we can use 
analog devices to build threshold gates with a cost (in terms 
of delay and chip area) that is comparable to that of AND, OR, 
NOT logic elements, then we can compute many basic functions 
much faster than using traditional logic circuits. 

While all previous results have mainly focused on the depth 
of the network and allowed the size of the network to grow 
as a polynomial (in the number of inputs), little is known 

slightly increasing the depth? In other words, can we reduce 
the required amount of hardware substantially by slightly 
increasing the time for the parallel execution of the network? 
Although this is an important issue, it is almost hopeless to 
answer such questions in general. In this paper, we attempt 
to provide some partial answers by focusing on the class of 
symmetric functions and some arithmetic functions. We shall 
see that significant tradeoffs between the depth and the size of 
the networks that compute these functions are indeed possible. 

A. Definitions and Summary of Main Results 

to be symmetric if 
Definition: A Boolean function f :  { 1,0}” --+ { 1,0} is said 

f (21,. * . , 2,) = f(”(l), . . ., ”(n)) 
for any permutation ( x ( ~ ) ,  . . . , z(”)) of (XI,. . . xn), or equiv- 
alently, there exists a set of numbers { kl,. . . , kl}, 0 5 ki 5 n 
such that 

n 

f (q , . . . , z , )  = 1 iff Cxi E {kll...,kl}, 
i=l 

i.e., a symmetric function depends only on the sum of the 
input values. A useful symmetric function, for example, is the 
Parity function. The combinational complexity of symmetric 
functions has been studied intensively by several researchers 
and significant results on the size of conventional AND/OR 
circuits implementing such functions have been reported [ 141, 

In the context of neural networks, it was first shown by 
Muroga [15] that any symmetric function can be computed in 
a depth-2 neural network with (n  + 1) threshold gates and the 
size was later improved by Minnick [13] to n/2 + 1 (with the 
same depth). This has been the best known result on the size 
even for unbounded-depth neural networks. Recently, it was 
proved (see [16]) that any depth-2 neural network computing 
the PARITY function has size at least Q(n/ log2 n) .’ This 
shows that increasing the depth of the network beyond 2 is 
essential in order to reduce the size significantly from O(n).  
In fact, whether the size of the network can be reduced below 
O(n)  was posed as an open problem as early as 1961 [lo]. 

In Section 11, we answer this open question by showing that 
any symmetric function of n variables can be computed in a 
depth-3 neural network with at most 2 6  + 0(1) threshold 
gates. In other words, increasing the depth of the network by 
1 enables one to reduce the gate count by a factor of O(,/E). 
Moreover, our construction appears to be the best known (with 
respect to minimizing gate count) for any depth. 

Can the size of the networks be further reduced for depth-3 
circuits? We can show [27] that the depth-3 networks derived 
in Section I1 are almost optimal in size. In particular, the 
lower bound results state that for any E > 0, the size of 
depth-3 networks computing arbitrary symmetric functions is 
R(TI~/~-‘) .  These lower bound results were obtained through 
the use of deeper mathematical tools from the theory of 

[281- 

We use the following standard shorthand notations: when we write f(n) = 
O(g(n))  or g(n) = O(f(n)), we shall mean that f(n) 5 c . g(n) for some 

about the tradeoffs between the depth and the size of the 

it possible to significantly reduce the size of the network by 
networks* One question to ask is the Is 

constant c > 0, as n + CO. 
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rational approximation and the harmonic analysis of Boolean 
functions [21], [20], [2], [25], [3], [12]. A detailed presentation 
of such results is beyond the scope of this paper and we shall 
refer the interested readers to [27]. 

Whether the size of the neural networks implementing 
arbitrary symmetric functions can be further reduced (by 
possibly increasing the depth) remains an important open 
question. We might mention here that for symmetric functions 
with structure, one can design neural networks with smaller 
gate count. For example, in [27] almost optimal depth-d 
networks that compute the PARITY and the COMPLETE 
QUADRATIC functions using O(nl/(d-l)) gates are presented. 

In Section 111 we show that the depth-size tradeoff results 
in Section I1 can be applied to obtain reduced size networks 
for arbitrary Boolean functions. In particular we show that 
any Boolean function of n variables can be computed by a 
depth-3 neural network with 0(2n/2)  threshold gates. This 
improves on the straightforward depth-2 circuits with 0 (2n)  
gates. Thus, our techniques lead to an exponential reduction in 
the network size for arbitrary Boolean functions. Furthermore, 
using a result due to Shannon [22] we can show that the size 
of neural networks computing arbitrary Boolean functions is 
R ( P / ~ ) ;  this again appears to be the best known lower bound 
in this area. Improving the lower bound and obtaining imple- 
mentations with smaller size than 0(2"12) remain important 
open questions. 

While Sections I1 and 111 deal with efficient implementa- 
tions of general classes of functions, in Section IV we explore 
the depth-size tradeoffs for specific arithmetic functions. For 
example, in Section IV-A we define MULTIPLE SUM as 
f 0 11 0 w s. 

Definition: The multioutput function MULTIPLE SUM is 
defined to be the (logn + n)-bit representation of the sum of 
n n-bit numbers. 

Computing MULTIPLE SUM is a basic step in multiplying 
two n bit numbers. We show that for any E > 0 (independent 
of n), MULTIPLE SUM can be computed in a constant depth 
neural network of size O(nl+'). This shows that the multi- 

11. IMPLEMENTING SYMMETRIC BOOLEAN FUNCTIONS 
Let f :  { 1, O } n  + { 1, O }  be an arbitrary symmetric Boolean 

function of n variables. Since f depends only on the sum of its 
input values Cy=1 x ;  (where, the input variables xi  E (0 ,  l}), 
we can define f by giving a set of integers si and Si,  i = 
l , . . . , ~ ,  with si 5 Si < si+l such that 

n 

f(z1,. * .  , x , )  = 1 iff si 5 x j  5 S; for some i. 
j=1 

For example, the PARITY function is defined as follows: 
P ( X ) :  {1,O}, ---f {1,O} as follows: 

1 if x ;  is odd 
0 otherwise P(z1, . . * ,  zn) = 

then for n = 5, we have T = 3 and SI = SI = 1, 52 = S 2  = 

We first introduce an ingenious technique called the tele- 
scopic technique that was introduced by Minnick [13]. We 
shall make repeated use of a similar technique in order to 
obtain O( fi) implementations of symmetric functions. 

Lemma 1: Let the integer interval [O,n] be divided into 
k + 1 subintervals [bo, b l  - 11, [b l ,  bz - 11, . , [bk-l ,  bk - 11, 
[bk,n], where bo = 0 < bl  < b2 < ...  < bk < n. Let 
yi = sgn(C;=, x j  - b ; )  , for all 1 5 i 5 k. Then, 

3, s3 = SJ = 5 .  

E n c ( u J  - uj-l)yj = a, 
j=l j=1 

if x j  E [b,, bm+l - 11 

where a0 = 0,  and a1 , . . . , ak are arbitrary real numbers. 
Proof: Recall that y; = sgn(C;=l x i  - b;) equals 1 if 

and only if x j  2 b; otherwise it equals 0. Hence, if 
Cyzl xj E [b,, b,+l - 11 (assume for now m 2 1) then 
y1 = .. .  = ym = 1, and ym+l = . . .  = Yk = 0. Hence, 

k m 

j=1 j=l 

plication of two n bit numbers can be performed in constant 

two-input AND gates. Making a fair assumption that unbounded 
depth using almost linear number of threshold gates and n2 

Note that if x j  E [bo, bl - '1, = '7 then yi = 
0,  V 1 5 i 5 k, and hence, Cj",l(aj - a p 1 ) y j  = 0 = ao. 

n 
fan-in threshold gates are more expensive to implement than 
two-input AND gates, we claim that our results improve the 
previous best result due to [9] where it was shown that 
multiplication can be done with O(n2) unbounded fan-in 
threshold gates and n2 two-input AND gates. 

In Section IV-A we discuss depth-size tradeoffs for COM- 
PARISON and ADDITION. To underscore the power of 
threshold circuits, we show that any depth-2 circuits us- 
ing AND, OR, NOT gates will require exponentially many 
gates to implement the COMPARISON (ADDITION) function 
whereas it has been shown that the same function can be 
computed by a depth-2 threshold circuit with 0 (n4) (0 (n5)) 
gates. We also show that the size of the networks required for 
implementing these functions can be substantially reduced by 
using depth-3 circuits. 

Finally, Section V has some concluding remarks and pos- 
sible future directions of research. 

U 

Theorem 1: Any symmetric function of n variables can 
be computed in a depth-3 neural network with 2 f i  + 0(1 )  
threshold gates. 

Proof: Recall that we can define f by giving a set of 
integers si and Si, i = 1 , . - .  , T ,  with si 5 Si < si+l such 
that 

n 

f ( x 1  ,. . . , z,) = 1 iff si 5 zj 5 si for some i. 
j=1 

We can always divide the interval [0, n] into d consecutive 
subintervals, [SI, sZ1 - 11, [szl , ~3~ - 11,. . . , [Sdl , n], so that 
each subinterval (except possibly the last one) contains the 
same number 1 of the integers si and Si, where 1 5 n/2d. 
The ith subinterval will contain integers sil 5 Si, < s;, 5 
Si, < < s;, 5 Si,. In the following arguments, we shall 
assume that the last subinterval also contains 1 si's and 1 Si's 
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to avoid the use of cumbersome notations. The readers can 
easily modify the arguments for the general case. 

The first layer of our circuit consists of d threshold elements 
each computing the value zi where 

For each k = 1 , . . . , 1  we define two telescopic sums as 
follows: 

T k  = S l k z l  + ( s 2 k  - s l k ) z 2  

+ (s3, - s 2 k ) z 3  + + (Sdk - Sd-lk)zd 

t k  = s l k z l  + (’2, - S1a)z2 

+ (’3, - S2,)’3 + ’ ’ + (’dk - s d - l k ) z d ‘  

Clearly, T k  and t k  are linear combinations of the outputs 
from the first layer. 

The second layer of our circuit will consist of 21 threshold 
elements, each utilizing the integer T k  or t k  as a “threshold” 
value and computing the value Q k  or Qk where 

The, output threshold element i n  the third layer computes 

Now we show that our circuii gives the correct outputs on 
all inputs X = ( X I , .  , x n ) .  Suppose Cy=, x j  lies within the 
mth interval, i.e., Cy=, x j  E [sml, ~ ( ~ - 1 ) ~  - 11. By Lemma 
1, the telescopic sums T k ,  and t k  (k = 1, . . . ,1 )  assume the 
following values: 

T k  = s,,, t k  = S m k .  

From our definition of the function f ( X ) ,  
n 

f ( x )  = 1 iff for some IC ,  smk 5 x j  5 s,, . 
j = 1  

To determine the size of our network, note that the first layer 
consists of d elements, the second layer 21 5 n / d  elements, 
and the third layer one output element. So altogether, at most 
d + n/d + 1 threshold elements are required. To complete the 
proof, take d = fi to minimize the size and thus obtain a 

17 
Example: We illustrate the above procedure by implement- 

ing the PARITY function of 11 variables. Recall that the 
output of a PARITY function is 1 if x i  is odd. Hence, 
s1 = s1 = 1, sg = s2 = 3, s3 = s3 = 5 ,  s4 = s4 = 
7, s5 = S5 = 9, and s6 = s6 = 11. In the constructive proof 
of Theorem 1, set 51, = 1, sgl = 5, and s3, = 9, i.e., choose 
d = 3. Thus, each subinterval has 2 of the si in it. In other 
words, sl1 = S1, = 1 < sl2 = SI, = 3; sg, = Szl = 5 < 
sz2 = Sz2 = 7; and s3, = S31 = 9 < ss2 = = 11. Based 
on these choices, the realization of the function is shown in 
Fig. 1. 

Note that our realization requires eight threshold gates; in 
comparison, an efficient depth-2 realization, using for example 
a procedure due to Minnick [13], would require seven gates. 
However, as the number of variables increase, the efficacy of 
our procedure becomes apparent. For example, implementing 
PARITY of 36 variables by Minnick’s procedure would require 
19 gates, whereas our procedure would require only 13. 0 

Remark 1: From our proof of Theorem 1, it is clear that the 
size of the neural network computing a symmetric function 
f actually depends on rf, the number of different integers 
si’s (or equivalently Si’s) required for defining the function. 
Recall from our definition of the integers si’s: f(X) = 1 if 
and only if si 5 Cy=, xj 5 si. On closer observation, the 
proof of Theorem 1 shows that our construction of the neural 
network computing f has size 2 m  + O(1). For example, 
for the PARITY function of n variables rf = [n/2], and the 
gate count is O(fi). 

A relevant issue is to determine the size of the network for 
most symmetric functions. The following theorem shows that 
the depth-3 network construction in Theorem 1 would require 
O( fi) threshold gates to compute most symmetric functions. 

Theorem 2: At least 1 - e-n(n) portion of the class of 

depth-3 network of size 2 f i  + O(1). 

symmetric Boolean functions would require Cl( fi) threshold 
gates to compute in a depth-3 neural network as constructed 
in Theorem 1. 

Proof: Recall from Remark 1 that our construction of the 
neural network computing a symmetric f has size 2 f i  + 
0(1) ,  where rf is the number of different integers si’s corre- 
sponding to f: f ( X )  = 1 when cy=, x j  = si and f ( X )  = 0 
when Cy=, xJ = si - 1. We shall use probabilistic methods 
to show that if we choose a function f of n-variables uni- 
formly at random from the class of symmetric functions, then 

Let us assume that f (X)  = 1 for the given input X; this 
implies that there exists an i such that sm, 5 Cy=, x j  5 Sm,. 
In the second layer, c y = l x j  is compared with T k  = S,, 
and - t i ,  = -smk for each k, and the outputs are Q k  and 
Q k ,  respectively. Since s,, 5 Cy=, x j  5 S,, , we can write 
down the values of the outputs of the second layer ( Q k ,  Q k )  

as follows: 

2 i f k = i  

Thus, the output threshold element gives sgn(x:=l 2 ( Q k  + 
Q k )  - 21 - 1) = sgn(21+ 2 - 21 - 1) = 1. 

Similarly, if f(x) = 0, i.e., for no k,smk 5 Cy=, x j  5 
Smk, then Q k  + 7 = 1 for all k and the output threshold 
element gives sgn E:=, 2 ( Q k  + Q k )  - 21 - I) = sgn(2~ - 
21 - 1) = 0. 

Hence, our depth-3 neural network gives the correct outputs 
on all inputs X = ( x l , .  - .  , x n ) .  

with probability 1 - we have rf = Cl(n). In other 
words, with high probability, a random symmetric function f 
would require R( fl) = n( fi) threshold gates to compute 
in a depth-3 neural network as constructed in Theorem 1. 

Since a symmetric function only depends on the sum of the 
input variables E y = l x j ,  and 0 5 C y = l x j  5 n, there is a 
one-to-one correspondence between each symmetric function 
of n variables and each n + 1-dimensional binary vector. For 
example, (0,1,0,1,1,0) corresponds to a symmetric function 
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Fig. 1. A depth-3 network for computing the PARITY of 11 variables. 

f (X) of 5 variables such that f ( X )  = 1 iff C;,lxj = 
1, 3, or 4 with T j  = 2, SI = 1, and s2 = 3. Without 
loss of generality, assume n is odd. Consider each n + 1 
dimensional binary vector as (n + 1)/2 consecutive pairs of 
0's and 1's. In the above example, we consider (0,1,0,1,1,0) 
as ((0, l) ,  (0, l), (1,O)). Then the corresponding number ~f is 
bounded below by p j ,  the number of pairs which are equal to 
(0,l) .  If we choose each coordinate to be 0 or 1 independently 
with probability 1/2, then each pair = (0,l)  with probability 
1/4, or we can write p j  as a sum of independent identically 
distributed Bemoulli random variables as follows: 

(n+1)/2 

j=1 

1 with probability 1/4 { 0 with probability314 ' 

p j  = u j ,  where 

uj = 

By the Chemoff Bound, for E > 0, we have 

Remark 2: Theorem 2 shows that for most symmetric 
functions the size of the network by our construction is 
O(fi). Can one do better for random symmetric functions 
with depth-3 networks? It tums out that one cannot do 
substantially better than our procedure. In particular, it can 
be shown [27] that for any E > 0, most symmetric functions 
require Q(n1/2-') threshold gates to be computed by a depth-3 
neural network. 

111. REALIZING ARBITRARY BOOLEAN FUNCTIONS 
Note that Theorem 1 only applies to symmetric Boolean 

functions; can similar depth-size tradeoffs be achieved for 
arbitrary Boolean functions? We would like to extend our 
results to a more general class of Boolean functions. Recall 

that a symmetric function only depends on the sum of its input 
variables Cy=l xj.  A natural generalization is to consider 
the class of functions which only depend on a weighted 
sum of its variables Cy=, wjxj, where the wj's are positive 
integers. Obviously, we could consider any function in this 
class to be a symmetric function of Cy='=, wj variables by 
repeating wj times of each variable xj .  But then a direct 
application of Theorem 1 would yield a network of size 
0 (,/=), which could be much larger than O(fi) 
in general. It is natural to ask if this is the best we can do. By 
taking wj = 2j-' (exponentially large!), Cy=12jxj  would 
be distinct for different values of X = (XI, ~ 1 ,  x n ) ,  thus any 
Boolean function could be considered as a function that only 
depends on a (exponentially large) weighted sum of its input 
variables [lo]. This observation gives us the motivation to 
extend our result to arbitrary Boolean function. 

By considering the disjunctive or conjunctive normal form 
of a Boolean function, it is not hard to see that any Boolean 
function can be implemented by a depth-2 circuit with 0 ( 2 * )  
unbounded fan-in logic gates. In 1949, Shannon [22] showed 
that almost all Boolean functions of n variables require cir- 
cuits of size R(2n /n )  with bounded (two) fan-in gates. It is 
interesting to determine how many threshold gates (allowing 
unbounded fan-in) are sufficient to implement an arbitrary 
Boolean function. As previous arguments show, every Boolean 
function of n variables can be considered as a symmetric 
function of 2" variables (by repeating each variable xj 2j-l 
times); we have as a consequence of Theorem 1 the following 
(similar result was also shown in [MI): 

Corollary I: Any Boolean function of n variables can be 
computed by a depth-3 neural network with 0 ( 2n/2) threshold 
gates. 

Thus, Corollary 1 shows that by increasing the depth by 1, 
one can obtain an exponentially smaller network than a direct 
depth-2 realization of an arbitrary Boolean function. 
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The lower bound result of Shannon on the size of network 
with bounded fan-in gates can be used to derive a lower 
bound on the size of neural network in implementing arbitrary 
Boolean functions. Before we prove the lower bound result, we 
need the following lemma, which states that we can simulate a 
linear threshold gate by a network of two-input AND, OR gates 
and NOT gates with size O(n') .  

Lemma 2: A linear threshold function of n variables can be 
realized by a logic circuit with O(n2)  number of two-input 
AND, OR gates and NOT gates. 

Proof: This follows from a well-known result (see [29]) 
that the sum of n n-bit numbers can be computed by a network 
of two-input AND, OR gates and NOT gates with size O ( n 2 ) .  

0 
Theorem 3: Almost all Boolean functions of n variables 

require neural networks of size at least R(2"I3) to compute. 
Proof: Let N be the minimum size of a neural network 

that can compute an arbitrary Boolean function of n vari- 
ables. Each threshold gate in the network computes a linear 
threshold function of at most (N + n) variables and thus can 
be simulated by a logic circuit of O ( ( N  + n)') two-input 
gates by Lemma 2. Now replace every threshold gate in the 
neural network by the corresponding simulating logic circuit. 
This yields an overall logic circuit of size O ( ( N  + n)3) .  By 
Shannon's lower bound result, (N + 7 ~ ) ~  = R(2"/n) for al- 

0 
There is still an exponential gap in the size between the 

upper bound O(2"/') in Corollary 1 and the lower bound 
R(2"/3) in Theorem 3. Whereas the network stated in Corol- 
lary 1 has only three layers, there is no restriction on the depth 
of the network stated in Theorem 3. So it might be possible 
to close such an exponential gap on the size by restricting the 
depth of the network to be constant. 

most all Boolean functions. Thus, N = R (2"13). 

IV. IMPLEMENTING ARITHMETIC FUNCTIONS 

The results presented above apply to Boolean functions 
belonging to general classes (e.g., Corollary 1 for any Boolean 
function, Theorem 1 for any symmetric function); it remains an 
open problem to improve these upper bounds. Another inter- 
esting issue is to exploit the structures of specific functions and 
thereby obtain better depth-size tradeoff results. In the rest of 
this paper, we address the latter issue and present efficient 
implementations of several functions of practical interest such 
as MULTIPLE SUM, COMPARISON, and ADDITION. 

A. Multiple Sum and Multiplication 

Multiplication of two n-bit numbers can be easily reduced 
to the computation of the sum of n O(n)-bit numbers (multiple 
sum). It was known [7] that the product of two n-bit numbers 
cannot be computed in a constant depth logic circuit that 
consists of polynomially many (na) unbounded AND, OR, NOT 
gates. The reason for the "hardness" of multiplication lies in 
the fact that multiple sum cannot be computed in polynomial 
size AND, OR logic circuits of constant depth. On the other 
hand, multiple sum (and thus multiplication) is easily com- 
putable in a constant depth neural network that consists of the 
more powerful threshold gates. In fact, the best known result 

on the depth of polynomial size neural network for multiple 
sum and multiplication was first obtained by Siu and Bruck 
[25]. It was shown in [25] that multiplication can be computed 
in a neural network of depth 4 and polynomial size, whereas it 
was shown by Hajnal et al. [8] that at least depth-3 is needed. 
The first layer consists of O(n') AND gates (each with fan-in = 
2) to reduce multiplication to a multiple sum, and the multiple 
sum is then computed in the next three layers. The size of the 
neural networks (with the same depth) for multiple sum was 
later improved by Hofmeister et al. [9] to O(n') . It seems 
natural to assume that the cost of implementing (unbounded 
fan-in) threshold gates should dominate that of the (fan- 
in = 2) AND gates in the first layer. Therefore, it is interesting 
to determine if the size of the network for the multiple sum 
can be reduced further while keeping the depth to be constant. 
By generalizing our construction of depth-3 neural networks 
for symmetric functions, we can in fact reduce the size of 
the network for the multiple sum from O(n2)  to O(nl+') 
for any fixed E > 0 and show depth-size tradeoffs for the 
multiple sum. Without loss of generality, we can assume each 
of the n numbers has n-bit. This in turn leads to efficient 
neural network implementations of multiplication of two n-bit 
numbers. 

Definition: The multioutput function MULTIPLE SUM is 
defined to be the (logn + n)-bit representation of the sum of 
n n-bit numbers. 

Theorem 4: For any c > 0 (independent of n), MULTIPLE 
SUM can be computed in a constant depth neural network of 
size O(nl+'). 

The depth-3 neural network for MULTIPLE SUM in [25] 
consists of two major steps: the sum of n n-bit numbers 
is first reduced to the sum of two (n + 1ogn)-bit numbers 
using one layer, then the final sum is computed in two layers. 
We shall use this technique as our basis and utilize our 
result in Theorem 1 to reduce the size of each step while 
keeping the depth to be constant. First, let us prove two 
lemmas. 

Lemma 3: Let S1(X) = E, wixi E [0,2'] and 0 5 k < 1. 
For any positive integer d, the (k + 1)th (least significant) bit 
of S1(X) can be computed in a depth-(d + 1) neural network 
of size 0(2('- ' ) ) ld) .  

Proof: Note that the ( k  + 1)th bit of &(X) is 1 if 
S 1 ( X )  E [ j P , ( j  + 1)P - 11 for j = 1 , 3 , 5 , . . . , 2 * - ~  - 1 
and 0 otherwise. 

The underlying idea is as follows: Each layer of our 
network has 2(*-")ld threshold gates. We use each layer to 
recursively remove the most significant (1 - k ) / d  bits of the 
sum computed from the previous layer. Since the original sum 
is (1 + 1)-bit long, the most significant bit of the reduced sum 
after d steps is the (k + 1)th bit of the original sum. 

To show this more formally, the first layer of our network 
consists of 2 ( l P k ) l d  threshold gates each computing the value 
yj where 
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Thus, 0 5 (Sl(X) - t) < 2 ' - ( ' -k ) /d .  Let Sz(X) = Sl (X)  - 
t. Note that S1(X) E [ j a k , ( j  + 1)2" - 11 iff &(X)  E 
[ j 2 k ,  ( j  + 1)2k - 11 for j = 1,3,5, .  , 2"' - 1. In other 
words, the (k + 1)th bit of S l ( X )  is that of Sz(X). Now apply 
the above reduction recursively. In general, for 2 5 m 5 d, the 
mth layer of our neural network consists of 2('-"Id threshold 
gates each computing the value yy where 

ym = sgn(Sm-l(x) - j2'-m('--")/' 1 
for j = 0 , 1 , .  . . , 2(l-')Id - 1 and 

j = O  

The reduction is applied d times, each time increasing the 
depth by 1 and the size of the network by an additional 
2('-')ld threshold gates. At the (d  + 1)th layer, the output gate 
computes sgn(Sd(X) - 2 k )  which is the (k + 1)th significant 

Corollary 2: Given n log n-bit numbers and E > 0, each bit 
of their 2 log n-bit sum can be computed in constant depth 
neural network of size O(nc). 

Proof: Let E > 0 be arbitrary and let the sum be rep- 
resented by s~ log "-132 log "-2 . . . SO with s~ being the least 
significant bit. We shall use the above lemma to show each 
sk can be computed in a constant depth neural network of 
size O(n'). Choose d such that E > l /d .  We consider two 
cases. For k = 0, , logn - 2, S k  depends only on a sum 
E [0, .. . , 2 1 0 g n + k ] .  In this case, put 1 = (log n + k) in Lemma 
2, it follows that each s k  can be computed in constant depth 
with 0(2("-")ld) = O(n') number of threshold gates. Now 
consider k = logn - 1 , s . .  ,2 logn.  Since the total sum 
E [0, 2210gn], put 1 = 2 log n in Lemma 2, and in this case 
(1  - k) 5 logn and thus 0(2('-k)/d) = O(ne)  threshold gates 
suffice. 0 

The depth-3 neural network stated in Theorem 7 has size 
O(nz) .  In order to show that MULTIPLE SUM can be 
computed in constant depth neural network of size O(n'+') 
for arbitrary constant E > 0, we shall first show how to reduce 
the size of the neural network for ADDITION (of two n-bit 
numbers). This technique is based on ideas from parallel prefix 
computation [ l l ] ,  [6] and our proof is adapted from [4]. 

Lemma 4: ADDITION can be computed in a constant 
depth network of (unbounded fan-in) AND, OR gates and sue 
O(n1ogn). 

Proof: Before we prove this lemma, we need to introduce 
some notions and terminologies. Let X = ( z n - l , . - . , q , ) ,  
Y = ( ~ ~ - 1 ,  . , yo) E { 1,O)" be the two n-bit numbers with 

bit of S1(X). 0 

zo and yo being the least significant bits. Given the proof 
of Theorem 7, it suffices to show that each carry bit c k  can 
be computed in a constant depth network of (unbounded fan- 
in) AND, OR gates and size O(n1ogn). Define an interval of 
indexes 1, . . . , n, I, to be an ordered subset of consecutive 
indexes and represent I by concatenating its indexes in an 
increasing order. Without loss of generality, assume n = 2". 
Aprincipal interval Ij" is an interval such that for some k = 
0 , .  . . , m  a n d j  = 1 , .  f .  ,2m-k, I t  = (j - 1 ) 2 k . .  . ( j2k-1) .  
Another way of visualizing the principal intervals is as follows: 
construct a complete binary tree whose leaves are from left 
to right the indexes 1, . , n; then each principal interval 
corresponds to an interior node v by concatenating the indexes 
that are the leaves of the subtree rooted at U. Since there are 
O(n) interior nodes in a complete binary tree, there are O(n) 
principal intervals. The principal interval Ij" corresponds to the 
j t h  node (from left to right) on the kth level (the leaves are 
on level 0). The following observation is crucial to our proof 
every pre f i  of 1, . . . , n is a concatenation of at most log n 
principal intervals. The reduction in the size (at the expense 
of a small constant increase in the depth) comes from the fact 
that we only have to compute the carry generated from each of 
the corresponding log n principal intervals. The construction 
can be divided into several steps. Each step takes as inputs the 
computed values from previous steps. 

Step 1: For i = 0, 1 , .  . . , (n  - l), compute zi = (zi V yi) 
with one layer of O(n) threshold gates. 

Step 2: For each principal interval I, compute f p ( I )  = 
A zi = AiG1(zi V yi) with another layer of O(n) gates. fp is 
to be thought of "propagate carry if it exists." 

Step 3: For each principal interval I = il . . i k ,  compute 
the following: 

k-1 

fS(') = z i k Y / i k  v ( z i ~ Y i ~  A i\ ' 1 )  * 

j=1 k j + l  

This requires two layers and O(n1ogn) gates. fs is to be 
thought of "set carry." 

Step 4: For k = l , . . . , ( n + l ) ,  the prefix l . . . k  is the 
concatenation of at most log n principal intervals 11, . . . , 4. 
The kth carry bit Ck can be computed as 

I i=l [ j=l+l 
ck = f s ( I 1 )  v v fs(Iii> A A f p ( l j )  

with two layers and O(n log n)  gates. 
Clearly, the depth of our network is constant and the size is 

With the above two lemmas, we are now ready to show 
how to obtain a constant depth O(nl+') size neural network 
for MULTIPLE SUM. 

Proof of Theorem 4: Suppose we are given n n-bit binary 

l , . . . , n  and we want to compute their sum. We first show 
how to reduce this multiple sum to the sum of two numbers 
by a "block save" technique. This method is a generalization 
of the classical "carry save" technique in parallel addition and 
is first presented in [25]. By using Corollary 2, we show that 

O(n1ogn). U 

numbers: zi = 2"-l zin-l + 2"-2xi,-2 + * .  . + $io, 2 = 
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this reduction only needs a neural network of size O(nl+‘) 
and constant depth, for any E > 0. 

Without loss of generality, we assume that N = n/logn 
and log n are integers, where log denotes logarithm to the 
base 2. Consider the following scheme: Partition each binary 
number xi into N consecutive blocks E;, , E;l , . , E i N - l  of 
logn bits each so that 

N-1 
2; = Ea, . 210gn.j 

j=O 

where 0 5 i i i  < 21°gn. Note that in binary representa- 
tion, E;, = x,,ogn--lxi,og n--2 x;, and E;N- l  = xin-, . . 
xin-* . . . n .  We call a block ii, “odd” or “even” if 
j is odd or even, respectively. 

Let Sodd denote the sum of the n numbers when the “even” 
blocks are set to zero and seven denote the sum when the “odd” 
blocks are set to zero. In other words, 

Sodd = ij .2logn-j. , se,,, = d j  . 21°gn9 
jodd jeven 

Then the sum of the original n numbers will be the sum of Sodd 

and seven. We now show how to compute Sodd and seven in 
parallel with a constant depth neural network of size O(nl+‘). 

Observe that for each j = 0, . . . , N - 1, the block sum 
n-1 n-1 

i = O  i = O  

and thus can be represented in 2 logn bits. Since 3j can be 
represented in 2 log n bits, there is no overlapping in the binary 
representation between 

5 .  . 210g n.j and 
dj+2 . 21% n . ( j + 2 )  = 22 logn ( gj+2 . 210g “’j). 

Therefore, we can sum each “odd” block d j  in parallel and 
concatenate the resulting bits of each sum together to obtain 
Sodd. We can obtain seven in a similar fashion in parallel. Now 
by Corollary 2, each bit of gj can be computed in depth (d  + 1) 
and size O(n‘) with < l /d .  Thus, the resulting two O(n)-bit 
numbers Sodd and seven can be computed in a constant depth 
neural network of size 0 (nl+‘). To compute the final sum of 
Sodd and seven, we only need another constant depth neural 
network of size O(n1ogn) by Lemma 4. So altogether the 
neural network has constant depth and size 0 (nl+‘). 0 

B. Comparison and Addition 

We consider X and Y as two n-bit numbers representing 

Definition: The COMPARISON function is a Boolean func- 

Let x = ( X 1 , * * * , X n ) ,  Y = ( y l , . . . , y n )  E ( l ,O}, .  

x; 2i and Cy=l yi . 2a, respectively. 

tion of 2n variables defined as 

C n ( X , Y )  = 1 iff X 2 Y. 

In other words, 

The COMPARISON function was used in [23] to show that 
sorting of n n-bit numbers can be computed with a poly- 
nomial size depth-4 neural network. Notice that although the 
COMPARISON function can be expressed as a linear threshold 
function, some of the weights wi’s are exponentially large 
(in n). While it was shown in [23] that the COMPARISON 
function cannot be computed by a single linear threshold 
gate with polynomially bounded integer weights (i.e., 1wil 5 
nQ), it can be computed in a depth-2 network with O(n4) 
threshold gates and polynomially bounded weights. This is 
the best known result on the size of a depth-2 network (with 
polynomially large weights) computing the COMPARISON 
function. By increasing the depth by 1, we can indeed compute 
this function using only O(n)  gates. 

We shall first show that COMPARISON cannot be computed 
in depth-2 (polynomial size) logic circuits of AND, OR gates. 
Since COMPARISON can be computed by polynomial-size 
depth-2 neural networks, the above result underscores the 
power of threshold gates. We shall then present a straight- 
forward O(n)  gate realization using depth-3 networks. 

Theorem 5: Any depth-2 logic circuit with only (unbounded 
fan-in) AND, OR gates that computes the COMPARISON 
function must have exponential size. 

Proof: First consider any depth-2 logic circuit computing 
COMPARISON with AND gates in the first layer and an OR 
output gate in the second layer. Then the logic circuit is 
equivalent to a “sum of product” form (i.e., OR of AND’s): 

C n ( X , Y ) =  P I V P , V ’ . . V P m  

where each “product” term Pi corresponds to the AND function 
of some subset of the variables (possibly negated), and the 
number of “products,” m, corresponds to the number of AND 
gates in the first layer. There are many different “sum of 
product” forms for the COMPARISON function. We shall 
show that each of these forms must have exponentially many 
“product” terms, and thus the corresponding depth-2 logic 
circuit must have exponential size. 

For convenience, we shall use C n ( X ,  Y) to mean both the 
COMPARISON function and any of its “sum of product” 
forms (in the variables x l , .  . . , x,, y1, . . . , yn and their nega- 
tions). Moreover, let ICnl and ICn-ll denote the number of 
product terms in any “sum of product” form of C n ( X ,  Y )  and 
C n - l ( X , Y ) ,  respectively. Our idea in this proof is to show 
that ICnl 2 21Cn-11, thereby implying an exponential lower 
bound on ICnl. 

Using standard logic factorization, we can always write 

where P:-17s are “sum of product” forms independent of the 
variables x, and yn. 

Now, if x, = 0 and yn = 1, then C n ( X , Y )  = 0, irrespec- 
tive of the assignments to the other variables, xn-l , . . . , XI , 
and yn-l, * , y1. Hence, substituting xn = 0 and yn = 1 in 
the above expression for C n ( X , Y ) ,  we obtain that P,”-, G 
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P:-l = Pn-l 0. Thus, the expression for 
C, ( X ,  Y )  simplifies to 

C,(X,  Y )  = z,y,P;-1 v z,P,5-1 v C,y,P&, 
v y,P,”-, v x,y,P,2-1. 

Next, we observe that if z, = 1 and yn = 1, or xn = 
0 and yn = 0, then C , ( X , Y )  C n - l ( X , Y ) .  Hence, 
substituting these values of 2, and yn in the above expression 
of C , ( X , Y ) ,  we get: P:-l V P,“-l C , - l ( X , Y )  and 
P,“-l V = C,- l (X,  Y ) .  It follows then from the above 
expression of C,(X,  Y )  that the number of “product” terms 
in C , ( X , Y )  is at least twice the number of “product” terms 
in C , ( X , Y ) ,  i.e., 

ICnl L 21G-11. 

Thus, C , ( X , Y )  must have exponential number of product 
terms in any “sum of product” form and the corresponding 
depth-2 logic circuit must have exponential size. 

A similar dual argument applies to depth-2 logic circuit with 
OR gates in the first layer and an output AND gate in the second 
layer, and easily shows that there must be exponentially many 

0 
Theorem 6: The COMPARISON function can be computed 

in a depth-3 neural network of size 3n with polynomially 
bounded integer weights. 

Proof: We first write a Boolean expression for the COM- 
PARISON function C , ( X , Y )  as a recursion on n. 

OR gates for the COMPARISON function. 

1 if 2 1  2 y1 
0 otherwise C 1 ( X , Y )  = 2 1  vy ,=  

Each bit of the sum was known to be computable in a 
depth-2 neural network. The best known result on the size of 
neural network for ADDITION is O(n4) [25] (with depth-2). 
The size can be significantly reduced to O(n)  if we increase 
the depth by 1. Since there are n + 1 bits in the final 
sum, the total size of the network computing ADDITION is 
O(n2) .  

Theorem 7: The multioutput function ADDITION of two 
n-bit numbers can be computed in a depth-3 network of 
(unbounded fan-in) AND, OR gates and size 0 (n2) .  

Proof: Let X = ( x n - l , - . . , x o ) ,  Y = ( y n - 1 , * * . , y o )  E 
{1,0}, be the two n-bit numbers with 20 and yo being the 
least significant bits, and S = ( s n ,  . . . , SO) be the n + 1-bit 
sum. Let Ck be the kth carry bit, i.e., C k  is the most significant 
bit of the sum CFzt 2z(xi + yi) with CO = 0. The main idea 
is to compute the carry bits C k ’ s  and their negations E’s in 
parallel using depth-2 network. Then the sum bits S k  can be 
computed as follows: 

The network computing the carry bit ck is very similar to the 
network computing the COMPARISON function. Note that 
c k  = 1 iff there is a j 5 k - 1 such that xj = yj = 1 but for 
all j < i 5 k - 1, we do not have X; = yi = 0. Thus, 

c k  = x k - 1 Y k - 1  v [ ( x k - l  v Y k - l ) x k - Z Y k - Z ]  

V [ ( x k - l  v Y k - l ) ( x k - 2  v y k - 2 ) x k - 3 Y k - 3 ]  ’ * 

Define Boolean expressions V[(Zg-1v E ) ( G V Y k - - 2 ) ( 2 1 e - - 3 V  E ) . . * ( % V  E)]. 
B, = x, A & 

Bk = ( z k  v 
n As in the case of the COMPARISON network, define Boolean 

A (zj A y,) for IC = 2 , .  . . , n - 1 expressions 
. .  

j=k+l 
n 

and B1 = A ( x j  AE) 
j=1  

Using the recursive Boolean expressions of Cn(X, Y ) ,  it is 
easy to show by induction on n that Cn(X ,  Y )  = Vj”=, Bj. 

The first layer of our network for the COMPARISON 
function has 2n - 1 gates computing the (zj A E) and 
(zj V E). With these computed values as inputs, the second 
layer has n gates each computing the Bj. Finally the output 
gate computes the OR ( V )  of all the Bj’s. The total number 

0 
Note that we have not made use of the full power of 

threshold gates in the above depth-3 neural network for 
COMPARISON. We simply use the threshold gates to simulate 
the AND (A), OR ( V )  logic operations. 

Definition: The multioutput ADDITION function is defined 
to be the n + 1 bit representation of the sum of two n-bit 
numbers X and Y .  

of gates is 3n as claimed. 

Bk = Z k Y k  
k 

Bj” = (xjyj) A (xi V yi) for j = 0 , .  . . , k  - 1 
i=j+l 

Bk --- 
k -  k Y k  

k 

Bj” = (q?Ji) A (5 V yi) for j = 1,. . + ,  k - 1 and 
i=j+l 

k 

B,k = A ( E V  E). 
i = O  

The first layer of our network consists of 2n gates com- 
puting the (xi v yi) and (E  V yi) for i = 1, ... ,n. With 
these computed values, the second layer, which consists of 
O(n2)  gates, computes for each k = l , . . . , n ,  0 5 j 5 k ,  

The third layer has n + 1 output gates and computes each sum 

(B:-1xkK)7 ( B t - l a y k ) ,  (Bjk-lXkyk), and (Bj k - 1 - -  2 k  Yk). 
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bit S k  that is the OR of all these values: 
k - 1  

sk = v ( b : - ’ x k Z )  v ( B F - ’ a y k )  v (BF-’xkyk) 
j=O 

v (B;-l%Z).  

Clearly the size is dominated by the number of gates in the 
0 

As for the COMPARISON function, it is interesting to note 
that ADDITION cannot be computed in depth-2 (polynomial 
size) logic circuits of AND, OR gates. 

Theorem 8: Any depth-2 logic circuit with only (unbounded 
fan-in) AND, OR gates that computes the ADDITION of two 
n-bit numbers must have exponential size. 

Proof: We use the same notations as in the proof of 
Theorem 6 and show that the nth sum bit s, requires an 
exponential size depth-2 logic circuit (with AND, OR gates 
only). Since s, = c,@x,@yn and s, = cn with x, = y ,  = 0, 
it suffices to show an exponential lower bound on the size 
of the circuit for c,. The proof can be carried out almost 
exactly as in the case of the COMPARISON function (simply 
by renaming the variables). First derive a recursion in the “sum 
of product” or “product of sum” forms for c ,  in terms of c,-’. 
Then show that the number of terms I C , [  2 21cn-ll and thus 

0 

V. CONCLUDING REMARKS 

We have studied the tradeoffs between the depth and the 
size in neural networks. We show that for symmetric functions 
and some arithmetic functions, a significant reduction in the 
size is possible at the expense of a small constant increase 
in depth. In the process, we have developed several neural 
networks which have the minimum size among all the known 
constructions. For example, our construction of 0( fi) size 
networks for symmetric functions appears to be the best known 
even for unbounded depth networks. Similarly, our results on 
the size of constant depth networks for MULTIPLE SUM and 
multiplication is the best known. 

A natural continuation of this work would be to investigate 
the depth-size tradeoffs in neural computation for larger 
classes of functions. Our work has also resulted in several 
interesting theoretical open questions. For example, can one 
derive less than 0(fi) size neural networks for computing 
arbitrary symmetric functions? Lower bound results in [27] 
suggest that a substantial reduction in size is not possible 
without increasing the depth beyond 3. Similar questions 
remain open for the other functions studied in this paper. 
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