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ABSTRACT

A large number of Independent Component Analy-
sis (ICA) algorithms are based on the minimization of
the statistical mutual information between the recon-
structed signals, in order to achieve the source sepa-
ration. While it has been demonstrated that a global
minimum of such cost function will result in the sepa-
ration of the statistically independent sources, it is an
open problem to show that such cost function has a
unique minimum (up to scaling and permutations of
the signals). Without such result, there is no guaran-
tee that the related ICA algorithms will not get stuck
in local minima, and hence, return signals that are sta-
tistically dependent. We derive a novel result showing
that for the special case of mixtures of two independent
and identically distributed (i.i.d.) signals with symmet-
ric, nearly gaussian probability density functions, such
objective function has no local minima. This result
is shown to yield a useful extension of the well-known
entropy power inequality.

1. INTRODUCTION

In the classic independent component analysis (ICA)
framework, a generative model is assumed where N
independent stationary signals s = {s1,...,sn} are
mixed through a linear transformation x = As. It
has been shown (for example in [1]) that, in absence
of noise, there always exist an inverse linear transfor-
mation of the type y = Bx, through which the re-
construction of the original signals is possible, up to
an arbitrary scaling and permutations of the signals
themselves. In particular, if we consider the statisti-
cal mutual information [2] between the reconstructed
signals as a function of the unmixing matrix B, such
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a function has a global minimum, yielding the source
separation [3][4].

Therefore, a vast number of independent compo-
nent analysis frameworks are designed to solve the fol-
lowing optimization problem:

(1)

Bopt = arg min I(yq,. ..
B

7yN)

or an approximate version thereof. When the mixture
data x is sphered prior to the reconstruction (Cov(xxT)
= I), one can show that the unmixing matrix B must
belong to the manifold of orthogonal matrices[5]. Using
some basic information theory inequalities, the problem
posed in (1) can be re-written as:

N
min ; h(yi) (2)

st. BBT =1, (3)

where h(a) = — [ pa(u)logpe(u)du is the differential
entropy of the continuous random variable a. The
equality constraints (3) define a sub-group of the Stiefel
manifold for the case of square matrices. If we define
F(B) = Zf\; h(y;), then the gradient of the cost func-
tion defined on such manifold is given by [6]:

V.F(B) = VF(B) - BVF(B)'B. (4)

where VF(B) is the conventional gradient of F'(B) in
the Euclidean space. The extrema of the optimization
problem (2) are found in correspondence to all the ma-
trices satisfying the condition:

VawF(B)=0 = VF(B)BY =BVF(B)T. (5



Several ICA algorithms optimizing different approxi-
mated versions of the cost function (1) have been shown
to possess good local convergence properties [7][8]. Al-
though the global minimum of (1) is known to yield
the desired source separation [1], no proof is available
to show that such a function has no local minima. On
the other hand, because of the uniqueness of the sepa-
ration matrix (up to permutations and scaling), proved
by Comon in [1], convergence to any solution other
than the global would result in a failure to separate
the source signals. The problem of convergence to sub-
optimal solutions was recently investigated for example
in [9] and in [10].

In this paper, we address the fundamental prob-
lem of the uniqueness of the minimum (up to scaling
and permutation of the solution) of the information-
theoretic cost function in the case of linear mixtures.
We show that in the case of mixtures of two symmet-
ric i.i.d. nearly gaussian signals, such cost function is
indeed free from spurious local minima. In addition,
we derive an interesting connection between the prob-
lem defined by (2) and the well-known entropy power
inequality, showing that, under the aforementioned hy-
potheses, not only this inequality does not hold for de-
pendent random variables, but it is, in fact, always
violated (converse entropy power inequality).

2. EXTREMA FOR MIXTURES OF TWO
NEARLY GAUSSIAN SOURCES

We consider the traditional linear framework, where we
assume that the mixing matrix A is the 2 x 2 identity
matrix and the original signals are zero-mean, and unit
variance. The reconstructed signals can be written as:

(6)
(7)

y1 = b1151 + bi2s2

Y2 = ba151 + basso.

The general case where the mixing matrix is not the
identity matrix can be mapped to this special case
through an orthogonal transformation [5], as long as
the mixture data is sphered, thus preserving the char-
acteristics of the solution space of (2) (in particular,
the number of extrema). We restrict our analysis to
those cases where the probability density functions of
s1 and so are symmetric and they can be approximated
using a Gram-Charlier [11] expansion of the type:

Fulw) = glw) (1+ T2t Hy(w) i=12. (8)
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where Hy(u) is the 4th order Chebyshev-Hermite poly-
nomial and g(u) is the zero-mean, unit-variance, nor-
mal probability density function. The probability den-
sity functions of y; and y», can be approximated as?:

"{41%‘
H
24 4

L2, (9)

fy(u) = g(u) (1 + (u)) i =

The cumulants x4 4, can be computed as:

Kay, = Ely]—3 = bl pa,s, +6b7, b3y +bop 5, —3 (10)

Kay, = Eys]—3 = b3y pta,s, +6b3, b3y +bop14 5, —3 (11)

where p4 5, is the 4th order central moment of s;.

The extrema of the cost function (2) must satisfy (5).
For mixtures of two sources these conditions can be
written as:

Vh(b;)bl = Vh(by)b! | (12)

where b; is the ith row of B, and in order to make
explicit the dependence of the entropy h(y;) on b;, we

can define h(b;) = h(y;), i = 1,2. Given that:

Oh(b;) > 9fy, (u)
=— 1+1 . : 1
the identity (12) can be written as:
> 8fy1 (u) 6fy1 (u) -
/_Oo log f, (u) [521 bt + bag b1y du = (14)

6fy2 (U)
0bay

afy2 (’LL)
Obas

Using (9) we can compute explicitly (i = 1,2):

log fy, (u) [511

J .

Of, (u 1 1
J;’T:) = g(u) (61)?1#4,81 + §bi1b§2> Hy(u)  (15)
o0f,. (u 1 1
% = g(u) <6b§2#4,s2 + §b?1bi2> Hy(u)  (16)
Now define:
a 1 8fy1 (u) afyl (u)
D1 (u, B) = o0 [521 b1y + ba2 9b1s (17)

20nly the 8t order term of this Gram-Charlier expansion is
non-zero and it is neglected.



= c47y1 H4 (u)’

where:
L3 3
oy =g (071 b21p0a,6, + bigboopias,) +
1
+5 (b11b75b21 + bT1b12boo)
and:
1 Ofy,(w) Ofy,(u)
D B é b Y2 b Y2
2(u, B) 9(u) 11 Obar + 012 Obag
= C47y2H4(u).
where:
1 3 3
Caye = g (b11b31 f1a,s, + b12b3ota,s,) +
1
+§ (b11b21b§2 + b12b§1522) ;

The following integrals need to be evaluated:

/ g(u)log fy, (w)D;(u,B)du i=1,2.
where:
1 u?
log fy, (u) = ~5 log(27) — 5 log(e) +

+log (1 + %HAL(U)) i=

1,2.
4 b

Substituting this expression in (21), we obtain:

2

[ ot |~ tostem) 5 toxte) +

+log (1+

%m(u))] Di(u, B)du

Now notice that:

/_00 g(u)Hy(u)du =0,

and:
/ u?g(u)Hy(u)du = 0.

The integral (23) simplifies as:

(18)

(19)

(20)

(22)

(23)

(24)
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> K‘4syi .
/_OC g(u) log (1 + o H4(u)) Di(u)du.  (26)
Using the following useful indefinite integral:
[oDitdu=-cu, ), @)

2

we can integrate (26) per parts. If we define X;(u)
Ka,y, Ha(u)/24, we obtain:
(o)
/ g(u)log (1 + X;(u)) D;(u)du = (28)
— 00

= Cyy, /_0" g(u)Hg,(u)%du,

where X/(u) = K4, H3(u)/6. Using (28), we find that
(14) reduces to:

> H (u)
Cay K u)du = 29
Lo /_Oo 5 rag /24 Ha () (29)
= H3 (u)
= d .
iy [oo 1+ K4y, /24 H4(u)g(U) !
In particular, when the sources are iid. (pas =

fas, = ), we have that ky,, = ki, # 0, and the
two integrals on the left-hand-side and on the right-
hand-side of (29) are always equal. Moreover, because
their integrands are non-negative, these integrals are
also strictly positive. Thus, the conditions for the gra-
dient to be zero become simply:

Cayy = Ca,ys (30)

We can now study the solutions of (30) in the space of
orthogonal matrices. This is achieved by operating the
substitution:

b1

ba1
Substituting in the expressions for c4,, and cy,,, we
obtain:

sin 6
cos

cos
—sin 6

b12

- (31)

1
Cagy = —5 sin 6 cos 0 [(jus — 3)(cos® 0 —sin®0)]  (32)

Caryy = % sin 6 cos 6 [(pg — 3)(cos® 0 —sin®0)]  (33)



Thus, (30) is satisfied if and only if:

(g — 3) sinf cos b cos 260 = 0. (34)
Because of the symmetry of the problem, it suffices to
study the zeros of (34) in the interval [0,7/2). The
solutions found in [r/2,27), correspond, in fact, to a
permutation or sign change of the rows of B. In this
interval, (34) has only two zeros, one for § = 0 corre-
sponding to a minimum of (2), and one for § = 7 /4,
corresponding to a maximum of the objective function,
thus proving that (2) has no local minima.

3. AN EXTENSION OF THE ENTROPY
POWER INEQUALITY

In this section we will illustrate the connection between
the result we just proved and the well-known entropy
power inequality [2].

The entropy power of a scalar random variable s is
defined as:

1
L enes)

N(s) = 2me

(35)

Given two independent random variables s; and so, the
entropy power inequality states that:
N(s1+s2) > N(s1) + N(s2), (36)

with equality holding if and only if s; and sy are both
normal. The inequality (36) can be used to prove the
convexity of the entropy under a covariance preserving
transformation, i.e. given 0 < A <1, it holds that [12]:

h(As1 + V1 — X283) > A2h(s1) + (1 — A2)h(s2). (37)

Now simply define:

A=cosf = 1—MX2=sinb

Thus one can write:

0<6<n/2 (38)

h(cos@ sy + sinf s3) > cos? O h(sy) + sin® 0 h(sz) (39)

and analogously:

h(—sinfs; + cosBsy) > sin? Oh(sy) + cos? Oh(sy) (40)
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(note that h(as) = h(s) + log|a|, a being a scalar pa-
rameter). Simply by adding (39) and (40) we obtain:

h(y1) + h(y2) > h(s1) + h(s2). (41)
In particular (41) proves that the extremum correspon-
ding to # = 0 is a global minimum of (2), regardless of
the actual distributions of s; and so. The uniqueness of
this minimum, proved in the previous section, extends
the inequality theorem showing that there are no local
minima of h(y;) + h(yz2), for 0 < X < 1.

This result can be used to show that a converse
entropy power inequality holds, if certain hypotheses
are satisfied. Define two random variables z; and 29 as
follows:

21 = Ay1 +

21 =V 1= Ny + Ay,

1— A2y, (42)

(43)

for 0 < XA < 1. Because of the uniqueness of the min-
imum of h(y1) + h(y2) in this interval, it follows that
the following inequality never holds:

h(z1) + h(z2) Z h(y1) + h(y2), (44)

unless y; and yo are obtained from s; and so, solely
through scaling or permutation. In other words, the
entropy power inequality is always violated by two de-
pendent random variables obtained through an orthog-
onal projection of independent random variables.

4. CONCLUSIONS

We introduced a novel result proving the uniqueness
of the minimum of the information-theoretic cost func-
tion, for the special case of linear mixtures of indepen-
dent and identically distributed signals with symmetric
probability density functions. Such a result, the first
of its kind, can be used to show that a converse en-
tropy power inequality holds for this particular class of
distributions. In process of deriving a proof for our re-
sult, we introduced a useful framework that can poten-
tially be extended in order to investigate the problem
for more general classes of distributions. In particular,
the method can be used to study whether a converse
entropy power inequality, proved for this special case,
holds in general. So far, in fact, examples of source
distributions for which the uniqueness property is sys-
tematically violated have not been identified.
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